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@ The Worst Case Optimal Investment Problem
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Worst-Case Optimal Investment in a Nutshell

The Market Model
@ UsuAL BLACK-SCHOLES MODEL:

dbt = btrdt, b(O) == 1
dst = St [()\+r)dt+0'th], SO =S

with constant market coefficients A and o # 0.
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Worst-Case Optimal Investment in a Nutshell

The Market Model
@ UsuAL BLACK-SCHOLES MODEL:

dby
dS;

berdt,  b(0) = 1
St[()\+r)dt+Uth], 5():5

with constant market coefficients A and o # 0.

Some scenarios for S
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Worst-Case Optimal Investment

The Market Model
@ NORMAL TIMES:

dbt = btrdt, b(O) =1
dSt = St[()\+r)dt+0'th], 5025

with constant market coefficients A and o # 0.
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Worst-Case Optimal Investment

The Market Model
@ NORMAL TIMES:

dbt = btrdt, b(O) =1
dst = St[()\+r)dt+0'th], 5025

with constant market coefficients A and o # 0.

@ At CRASH TIME 7, which is modeled as a STOPPING TIME and
which is subject to Knightian uncertainty, the stock price can
suddenly fall by a relative (fixed) amount £/ with 0 < ¢ <1, i.e. ina
crash scenario (7, £):

S, =(1-0S,_.
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Worst-Case Optimal Investment

The Market Model
@ NORMAL TIMES:

dbt = btrdt, b(O) =1
dst = St[()\+r)dt+0'th], 5025

with constant market coefficients A and o # 0.

@ At CRASH TIME 7, which is modeled as a STOPPING TIME and
which is subject to Knightian uncertainty, the stock price can
suddenly fall by a relative (fixed) amount £/ with 0 < ¢ <1, i.e. ina
crash scenario (7, £):

S, =(1-0S,_.
@ In general: Finitely many crashes can happen before the horizon T.

@ For simplicity in this talk: At most one crash can happen before T.
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Worst-Case Optimal Investment

The Market Model
@ NORMAL TIMES:

dbt = btrdt, b(O) =1
dst St[()\+r)dt+0'th], 5025

with constant market coefficients A and o # 0.

@ At CRASH TIME 7, which is modeled as a STOPPING TIME and
which is subject to Knightian uncertainty, the stock price can
suddenly fall by a relative (fixed) amount £/ with 0 < ¢ <1, i.e. ina
crash scenario (7, £):

S, =(1-0S,_.
@ In general: Finitely many crashes can happen before the horizon T.
@ For simplicity in this talk: At most one crash can happen before T.

@ Studied for the first time in Korn & Wilmott (2002).
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Wealth Equation

o PRE-CRASH strategy 7 is valid up to and including the crash time.
@ POST-CRASH strategy 7 is implemented immediately afterwards.
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Wealth Equation

o PRE-CRASH strategy 7 is valid up to and including the crash time.
@ POST-CRASH strategy 7 is implemented immediately afterwards.

The dynamics of the investor’'s wealth X™T are the solution X to

dX

B~ (rtmeNdttTodWeon [0.7), X =
t

XT = (1 — 7T7-€)X —

dX

5 = (r+@Ndt+modW, on (7, T]
t

where x > 0 denotes the initial wealth.
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Wealth Equation

o PRE-CRASH strategy 7 is valid up to and including the crash time.
@ POST-CRASH strategy 7 is implemented immediately afterwards.

The dynamics of the investor’'s wealth X™T are the solution X to

dX

B~ (rtmeNdttTodWeon [0.7), X =
t

XT = (1 — 7T7-€)X —

dX

5 = (r+@Ndt+modW, on (7, T]
t

where x > 0 denotes the initial wealth.

° ()?f)te[o,r]i wealth process in the standard crash-free Black-Scholes
model corresponding to the portfolio process .
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Wealth Equation

o PRE-CRASH strategy 7 is valid up to and including the crash time.
@ POST-CRASH strategy 7 is implemented immediately afterwards.

The dynamics of the investor's wealth X™7 are the solution X to

dX

B~ (rtmeNdttTodWeon [0.7), X =
t

XT = (1 — 7T7-€)X —

dX

5 = (r+m\)dt+modW, on (r,T]
t

where x > 0 denotes the initial wealth.

° ()?f)te[o,r]i wealth process in the standard crash-free Black-Scholes
model corresponding to the portfolio process .
o Explicit expression for X™:

. t 1 t
X: = xexp (/ (r + T — Zﬂfog) ds —|—/ 7T50'5dW5> .
0 0
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Worst-Case Optimal Investment Problem

@ The problem to optimally choose a pre- and post-crash strategy
(m,7) € A(t, x) x A(t,x) facing the worst possible crash-scenario =
with0<7<T,ie

sup infE {U(Xﬁ)} (P)

(mm) T
with final wealth X?’ﬁ in the case of a crash of size ¢ at T given by
XFT=1-m ) X}

is called the worst-case portfolio problem.
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© Solving the Problem
@ The Post-Crash Strategy
@ The Pre-Crash Strategy
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How to solve the problem:
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How to solve the problem:— start with post-crash strategy!
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How to solve the problem:— start with post-crash strategy!
After the crash has occurred we face a Merton problem with random
initial time 7, i.e.

sup E[U(XT™7)] = sup E[U(XT)] (Ppost)
TEA(T) TEA(T)
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How to solve the problem:— start with post-crash strategy!
After the crash has occurred we face a Merton problem with random
initial time 7, i.e.

sup B[UXT™T)] = sup E[U(XT)] (Ppost)
TEA(T) TEA(T)
COM Device - Merton Problem with Random Initial Time

We can solve for X explicitly (using e.g. power utility U(x) = Xll__vw)

UXT) = UXT)exp ((1 =) [ ©(7.)ds ) Mr(7)
with XT = (1 — 7,£)XT, a martingale M(r) satisfying M,(7) =1 and

O(y) == r+(b—r)y — 370%y>
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How to solve the problem:— start with post-crash strategy!
After the crash has occurred we face a Merton problem with random
initial time 7, i.e.

sup E[U(XT™7)] = sup E[U(XT)] (Ppost)
TEA(T) TEA(T)

COM Device - Merton Problem with Random Initial Time

We can solve for X explicitly (using e.g. power utility U(x) = Xll__vw)

UXT) = UXT)exp ((1 =) [ ©(7.)ds ) Mr(7)
with XT = (1 — 7,£)XT, a martingale M(r) satisfying M,(7) =1 and

O(y) == r+(b—r)y — 370%y>

Thus: 7; = argmax> ®(7) = 7 = 7} does not depend on (7, ¢)!!!

Alexander Steinicke Worst-Case Optimal Investment in Incomplete Markets



How to solve the problem:— start with post-crash strategy!
After the crash has occurred we face a Merton problem with random
initial time 7, i.e.

sup E[UXT™7)] = sup E[U(XT)] (Ppost)
TEA(T) TEA(T)

COM Device - Merton Problem with Random Initial Time

We can solve for X explicitly (using e.g. power utility U(x) = Xll__vw)

UXT) = UXT)exp ((1 =) [ ©(7.)ds ) Mr(7)
with XT = (1 — 7,£)XT, a martingale M(r) satisfying M,(7) =1 and

O(y) == r+(b—r)y — 370%y>

Thus: 7; = argmax> ®(7) = 7 = 7} does not depend on (7, ¢)!!!

Optimal POST-CRASH strategy: Merton fraction 7" = \/yo?2.
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How to solve the problem: — start with post-crash strategy!
After the crash has occurred we face a Merton problem with random
initial time 7, i.e.

sup E[U(X??J)]: sup E[U(XT)] (Ppost)
TEA(T) TEA(T)

COM Device - Merton Problem with Random Initial Time for
LOG-utility
UXF) = UXT) + [ o(7.)ds + Mr ()
with XT = (1 — m.£)XT, a martingale M(r) satisfying M.(7) = 0 and
d(y):=r+ Ay — %02)/2.

Thus: 7} = argmaxz ®(7) = 7" = T} does not depend on (7, )!1!

Optimal POST-CRASH strategy: Merton fraction 7™ = \/o?.
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© Solving the Problem
@ The Post-Crash Strategy
@ The Pre-Crash Strategy
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Optimal Pre-crash strategy?
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Optimal Pre-crash strategy?
A WOC optimal strategy is characterized by an indifference property, i.e.
the investor’s utility is independent of the timing of a crash /.
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Optimal Pre-crash strategy?
A WOC optimal strategy is characterized by an indifference property, i.e.
the investor’s utility is independent of the timing of a crash /.

Worst-case problem (P) decouples into the post-crash problem (Ppost)
and the problem to choose a pre-crash strategy such that

sup(ing)IE [V (r,(1 =7 0)X])] (Ppre)
where V denotes the value function of the post-crash (Merton) problem:

— 1=y - .
V(t,x) = f_ Ve((lfﬂy) JTo@ds) — y(x)el@= [T o(F)ds)
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Optimal Pre-crash strategy?
A WOC optimal strategy is characterized by an indifference property, i.e.
the investor’s utility is independent of the timing of a crash /.

Worst-case problem (P) decouples into the post-crash problem (Ppost)
and the problem to choose a pre-crash strategy such that

sup(ing)E [V (r,(1 = 7 0)X])] (Ppre)
where V denotes the value function of the post-crash (Merton) problem:

— 1=y - .
V(t,x) = f_ Ve((lfﬂv) JTo@ds) — y(x)el@= [T o(F)ds)

Controller-vs-Stopper Game
@ (Ppe) is a controller-vs-stopper game and Seifried (2010) has shown
that this is solved by rendering

t V(t,(1—7mL)XT)
a continuous martingale, since then the market’s (stopper's) actions

become irrelevant to the investor (controller).
e Apply It6's formula to V: = WOC-ODE.
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Solutions to the WOC Problem

o Optimal PRE-CRASH strategy: Unique solution of the ODE

/ — 2 2
7Tt:1 Kﬂ—tz |:77%(7Tt7ﬂ'M):| 5 71'7':0.

[= V is a martingale Argument/reason behind: An investor has to
be indifferent between a crash happening immediately or not at all.]
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Solutions to the WOC Problem

o Optimal PRE-CRASH strategy: Unique solution of the ODE

/ — 2 2
7Tt:1 Kﬂ—tz |:77%(7Tt7ﬂ'M):| 5 71'7':0.

[= V is a martingale Argument/reason behind: An investor has to
be indifferent between a crash happening immediately or not at all.]

o Optimal POST-CRASH strategy: Merton fraction 7™ = \/vo2.
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Solutions to the WOC Problem

Optimal PRE-CRASH strategy: Unique solution of the ODE

/ — 2 2
7Tt:1 Kﬂ—tz |:77%(7Tt7ﬂ'M):| 5 71'7':0.

[= V is a martingale Argument/reason behind: An investor has to
be indifferent between a crash happening immediately or not at all.]

Optimal POST-CRASH strategy: Merton fraction 7™ = \/vyo2.

Log: Explicit calculations as given in Korn & Wilmott (2002).

Power: Solution of HIB systems as in Korn & Steffensen (2007) or
using the martingale approach of Seifried (2010).
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lllustration: 7 (red) and 7y (blue)

Parameters: =1, A=0.15,0=0.4,¢=0.2, T =10

Alexander Steinicke Worst-Case Optimal Investment in Incomplete Markets



Stochastic Lévy Market Coefficients

Choose pre-crash and post-crash strategy (w,7) € A(t, x) x A(t, x) as to
maximize the LOG-utility of terminal wealth in the worst-case scenario:

sup inf E[log XT"™]. (P°M)

(mm) T

Now, X™7 is the solution X to

dX, "
7t = (rt+7rt)\t)dt+7rt0'tdwt — / ’]Ttllj(dt’ d/) on [0’7')
Xi— J0,/max]
X, = (1 — 7rT€)XT,
dX; . . " B
X (re +TeAe)dt + 7o dWs — melv(dt,dl)  on (1, T]
t= J[0,/m]

and initial condition Xy = x > 0, where v is a Poisson random measure
with Lévy measure ¢ with /M < /.
Analogous to the constant case, we define the function

1 .
@, [0,00) 5 Ry 1o + Ay — Eafyz - /[ | log(1 — yhv(dl).
J10,max
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@ The Solution for Stochastic Coefficients
@ BSDEs
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Post-Crash Problem

@ Recall: X; = (1 —m.£) X;, where X is the crash-free setting.
@ The solution to the crash-free SDE is given by

- t 1
X = xexp (/ (rs + T hs — 57"7_305 + / log(1 — %Sl)ﬁ(dl)> ds
0 [0,/max]

t
+/ ﬁsadeS—f-/ log(1 — 7t/ (ds, dl) |,
0 (0,£] [0,/m57]
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Post-Crash Problem

@ Recall: X; = (1 —m.£) X;, where X is the crash-free setting.
@ The solution to the crash-free SDE is given by

- t 1
X = xexp (/ (rs + T hs — 57"7_305 + / log(1 — %Sl)ﬁ(dl)> ds
0 [0,/max]

t
+/ ﬁsadeS—f-/ log(1 — 7t/ (ds, dl) |,
0 (0,£] [0,/m57]

@ which for 7 < t can be rewritten as

T t T t
X: =x exp (/ &, (s)ds —|—/ &, (7s)ds +/ TsosdWs —|—/ TsosdWs
0 T 0 T

+ / log(1 — 7ws/)&(ds, dI) + / log(1 — 7s/)o(ds, dl)).
(©,71x[0,/m2] (7,£1%[0,Imax]
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Post-Crash Problem

e Taking the logarithm, our objective function reads (using
boundedness of 7, 7):

E [log X{" 7] = E [log (1 - ) Xr )]

=E [Iog ((1 — 7.0) x exp (/07 ®s(7s)ds + /TT ¢s(ﬁs)ds))]

=logx+E {Iog(l — . l) + /OT ¢t(7rt)dt} +E [/Tcht(ﬁt)dt} .

@ Thus, post-crash strategy as before: 7} = M = arg maxz ¢,(7)

o In the case without Lévy jumps 7M is given by 2

¢
Cf:
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Pre-Crash Problem

Rewrite the objective as follows:
-
/ ¢t(7rf”)dt] =

/OTd)t(wéw)dt]

(A) (B)

E [Iog (1—m0) + /0 d>t(7rt)dt} +E

E[Iog (1—7.0)+ /OT (®s(me) — Pe(m))) dt} +E

Consequences of this representation:
@ (B) is independent of 7 and 7 and can therefore be ignored.
o (A) is F,-measurable.

@ Our objective is to choose a PRE-CRASH portfolio strategy m € A as
to maximise

sup inf E [Iog(l — )+ /OT (®s(ms) — Ds(7M)) ds (PoX)
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A BSDE Characterisation of Optimal Strategies

Controller-vs-stopper game approach:
t
TT :=log (1 — m¢f) —|—/ (®s(ms) — (7)) ds  — martingale!
0

@ T, depends on the path of ry, A\¢, 0:! = we cannot solve it through
an ODE!
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A BSDE Characterisation of Optimal Strategies

Controller-vs-stopper game approach:
t
TT :=log (1 — m¢f) —|—/ (®s(ms) — (7)) ds  — martingale!
0

@ T, depends on the path of ry, A\¢, 0:! = we cannot solve it through
an ODE!

In such a case, we need a backward stochastic differential equation
(BSDE)!
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@ The Solution for Stochastic Coefficients
@ BSDEs
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Backward stochastic differential equations

BSDE # SDE solved backward in time!
Motivation: conditional expectation

Consider a random variable ¢ € L1(F7) and its conditional expectation,

Yi = Et[g] = E[f | Srt]-
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Backward stochastic differential equations

BSDE =# SDE solved backward in time!
Motivation: conditional expectation

Consider a random variable ¢ € L1(F7) and its conditional expectation,

Yi = Et[g] = E[f | Srt]-

By the martingale representation, we can write £ = E[¢] + fOT ZsdW; and
get

.
Yt:Et[g]:gf/ Z.dW, and Yr=¢
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Backward stochastic differential equations

BSDE =# SDE solved backward in time!
Motivation: conditional expectation

Consider a random variable ¢ € L1(F7) and its conditional expectation,

Yi = Et[g] = E[f | Srt]-

By the martingale representation, we can write £ = E[¢] + fOT ZsdW; and
get

.
Yt:Et[g]:gf/ Z.dW, and Yr=¢

So we found two adapted processes (Y, Z) such that, given &, ftT ZsdW
subtracts the 'right amount of randomness’ from ¢ to yield an adapted
process (which is Y).

Alexander Steinicke Worst-Case Optimal Investment in Incomplete Markets



Backward stochastic differential equations

Next: nonlinear conditional expectation
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Backward stochastic differential equations

Next: nonlinear conditional expectation

Just like before, but we have an additional function f and want:

Y, +/Ot f(s, Ys)ds = B, [§+/0

' £(s, Ys)ds] :
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Backward stochastic differential equations

Next: nonlinear conditional expectation

Just like before, but we have an additional function f and want:

Y, +/Ot f(s, Ys)ds = B, [§+/0

— not explicit anymore in Y! It becomes an equation.

' £(s, Ys)ds] :
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Backward stochastic differential equations

Next: nonlinear conditional expectation

Just like before, but we have an additional function f and want:

Y, +/Ot f(s, Ys)ds = B, [§+/0

— not explicit anymore in Y! It becomes an equation.

' £(s, Ys)ds] :

Using the martingale representation again,

£+ [ f(s,Vo)ds = E {g + [ f(s, Ys)ds} + [ ZdWs, we get
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Backward stochastic differential equations

Next: nonlinear conditional expectation

Just like before, but we have an additional function f and want:

Y, +/Ot f(s, Ys)ds = B, [§+/0

— not explicit anymore in Y! It becomes an equation.

' £(s, Ys)ds] :

Using the martingale representation again,

£+ [ f(s,Vo)ds = E {g + [ f(s, Ys)ds} + [ ZdWs, we get

t T T
Vi [ s vads=co [ fsvads - [ zawe vy —¢
0 0 t
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Backward stochastic differential equations

Next: nonlinear conditional expectation

Just like before, but we have an additional function f and want:

Y, +/Ot f(s, Ys)ds = B, [§+/0

— not explicit anymore in Y! It becomes an equation.

' £(s, Ys)ds] :

Using the martingale representation again,

£+ [ f(s,Vo)ds = E {g + [ f(s, Ys)ds} + [ ZdWs, we get

t T T
Vi [ s vads=co [ fsvads - [ zawe vy —¢
0 0 t

T T
&Y, =64 / f(s, Ys)ds — / ZdW,, Yr=¢
Jt Jt
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Backward stochastic differential equations

One may even involve the Z-process:

T T
Y, :§+/ f(s, Ys,Zs)ds—/ Z.dW,
t t

Alexander Steinicke Worst-Case Optimal Investment in Incomplete Markets



Backward stochastic differential equations

One may even involve the Z-process:

T T
Y, :§+/ f(s, Ys,Zs)ds—/ Z.dW,
t t

This is the standard form of a BSDE. lts solution consists of a pair (Y, Z)
of adapted processes. ¢ is the terminal value and f is the generator.
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Backward stochastic differential equations

One may even involve the Z-process:
T T
Y, =¢ +/ f(s,Ys, Zs)ds — / ZsdW,
t t

This is the standard form of a BSDE. lts solution consists of a pair (Y, Z)
of adapted processes. ¢ is the terminal value and f is the generator.

Differential notation:

dYt - 7f(t, Yta Zt)dt + thWta YT - 5, te [0, T]
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Applications of of BSDEs

@ Nonlinear expectations
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Applications of of BSDEs

@ Nonlinear expectations

@ Strategies for hedging problems
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Applications of of BSDEs

@ Nonlinear expectations
@ Strategies for hedging problems

@ Risk measures representations
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Applications of of BSDEs

Nonlinear expectations
Strategies for hedging problems
Risk measures representations

Utility maximization and optimal control
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Applications of of BSDEs

Nonlinear expectations
Strategies for hedging problems
Risk measures representations

Utility maximization and optimal control

One-to-one relationship with a class of parabolic, quasilinear PDEs
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Applications of of BSDEs

Nonlinear expectations
Strategies for hedging problems
Risk measures representations

Utility maximization and optimal control

One-to-one relationship with a class of parabolic, quasilinear PDEs

Back to our problem!
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A BSDE Characterisation of Optimal Strategies

ontroller-vs-stopper game approach:
t

TT :=log (1 — m¢f) +/ (®s(ms) — (7)) ds  — martingale!
0

@ T, depends on the path of r;, \¢, 0! = BSDE instead of ODE!
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A BSDE Characterisation of Optimal Strategies

ontroller-vs-stopper game approach:

.t
TT :=log (1 — m¢f) +/ (®s(ms) — (7)) ds  — martingale!
0

@ T, depends on the path of r;, \¢, 0! = BSDE instead of ODE!

Proposition [Utility Crash Exposure BSDE, DMMSt2024-+]

Assume that E {fOT |re|dt + (fOT [Ae| + |at|2dt)2} < o0 (B2), \,o
F"_measurable, let o be a stopping time with 0 < o < T, w € A. Then:
@ 7 is an indifference strategy on [0, T] U {co} and, equivalently,
@ 3 Z e L? suchthat (Y, Z)is on [o, T] a solution to the BSDE

l—e ™
dy, = (%(5) - <Dt(7r£w)> dt + Z,dW,, Y1 =0,

where m = 1"{" and the utility crash exposure Y™ of strategy

m € A is defined by Y7 := —log (1 — m:0).




Existence and Uniqueness

Theorems and corollaries (DMMSt2024+-) that allow us to find Y and 7
@ Under the assumption (B exp) that for some € > 0,
IEIU'OT |re|dt + (/;)T exp(e(|Ae| + |0%]))dt] < oo, there is a unique pair
(Y, Z) € L2 x IL? which solves the utility crash exposure BSDE.
Also, Y is (Ajp,q ® IP-a.e.) nonnegative and bounded.
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Existence and Uniqueness

Theorems and corollaries (DMMSt2024+-) that allow us to find Y and 7
@ Under the assumption (B exp) that for some € > 0,
IEIU'OT |re|dt + (/;)T exp(e(|Ae| + |0%]))dt] < oo, there is a unique pair
(Y, Z) € L2 x IL? which solves the utility crash exposure BSDE.
Also, Y is (Ajp,q ® IP-a.e.) nonnegative and bounded.

@ Under assumption (Bexp) there is a unique indifference strategy .
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Existence and Uniqueness

Theorems and corollaries (DMMSt2024+-) that allow us to find Y and 7
@ Under the assumption (B exp) that for some € > 0,
IEIU'OT |re|dt + (/;)T exp(e(|Ae| + |0%]))dt] < oo, there is a unique pair
(Y, Z) € L2 x IL? which solves the utility crash exposure BSDE.
Also, Y is (Ajp,q ® IP-a.e.) nonnegative and bounded.

@ Under assumption (Bexp) there is a unique indifference strategy .

o If 1 <M then 7 is pre-crash optimal
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Existence and Uniqueness

Theorems and corollaries (DMMSt2024+-) that allow us to find Y and 7
@ Under the assumption (B exp) that for some € > 0,
IEIU'OT |re|dt + (/;)T exp(e(|Ae| + |0%]))dt] < oo, there is a unique pair
(Y, Z) € L2 x IL? which solves the utility crash exposure BSDE.
Also, Y is (Ajp,q ® IP-a.e.) nonnegative and bounded.

@ Under assumption (Bexp) there is a unique indifference strategy .
o If 1 <M then 7 is pre-crash optimal

e In particular, this is the case if 7™ = « is constant.
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© Concrete examples
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Markovian Case — PDE-BSDE connection

Market model with o; = (z;), A\t = A(z;) where z is a factor process
whose evolution is governed by the SDE

dz; = p(z)dt + <(z;)dB;.
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Markovian Case — PDE-BSDE connection

Market model with o; = (z;), A\t = A(z;) where z is a factor process
whose evolution is governed by the SDE

dz; = p(z)dt + <(z;)dB;.

Let 7™ be given by 1)()\, o) and let v € C12 be a solution to

0 =0uv(t, %) + (v (£, %) + T2 Buev (£, ) + (@:((Nx), 7(x)) — 1)

<1 e MEIVO) 2 ] e (M(E)VO) 2
o ()

— ) 7 2 7
1 _ e (exv0)
—/ log (1 - 71) 9(dl), v(T,x)=0
[O’ImaX] K
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Markovian Case — PDE-BSDE connection

Market model with o; = (z;), A\t = A(z;) where z is a factor process
whose evolution is governed by the SDE

dz; = p(z)dt + <(z;)dB;.

Let 7™ be given by 1)()\, o) and let v € C12 be a solution to

0 =0uv(t, %) + (v (£, %) + T2 Buev (£, ) + (@:((Nx), 7(x)) — 1)

_ 1 — e~ (W(t:Xx)V0) F(x)? /1= e (V(tX)V0) 2
—X(x) e n a(x) e
l 2 Y4

1— e~ ((t0v0)
—/ log (1 - 71) d(dl), v(T,x)=0
[O’ImaX] K

@ Now suppose that Y; := v(t,z) and Z; := ¢(z:)0xv(t, z) are in L2,
@ Then (Y, Z) is the unique L>-solution to the utility crash exposure BSDE.
@ Proof: Just apply Itd's formula to Y; := v(t, z).
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Concrete Example: Heston and Bates Model

In Bates' stochastic volatility model, the stock price evolves like

dS: =S¢ |(A+ r)dt + /z:dW; — /

Iv(dt,di)|
[0,m]

and the evolution of z with the corresponding specifications z = o2,

o(x) = y/x is the Cox-Ingersoll-Ross (CIR) process given by
dz; = k(0 — z;)dt + ¢\/z:dB;

where B is a second Brownian motion that can be correlated with W.
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Concrete Example: Heston and Bates Model

(A + r)dt + /zedW,; — /

[0.1m]

dSt - St—

lv(dt, d/)]

dz; = k(0 — z;)dt + \/z:dB;

Assume an appropriate price of risk

Ae = Mzt) = ac®(z) _|_/ /

[0,/max] 1—al

Hdl) = az +/ /

9(dl).
[0,/max] 1—al ( )
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Concrete Example: Heston and Bates Model

(A + r)dt + /zedW,; — /

[0.1m]

dSt - St—

lv(dt, d/)]

dz; = k(0 — z;)dt + \/z:dB;

Assume an appropriate price of risk

Ae = Mzt) = ac®(z) _|_/ /

[0,/max] 1—al

Hdl) = az +/ /

9(dl).
[0,/max] 1—al ( )

Then # = « is constant.
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Concrete Example: Heston and Bates Model

(A + r)dt + /zedW,; — /

[0.1m]

dSt - St—

lv(dt, d/)]
dz; = k(0 — z;)dt + \/z:dB;

Assume an appropriate price of risk

Ae = Mzt) = ac®(z) _|_/ /

[0,/max] 1—al

Hdl) = az +/ /

9(dl).
[0,/max] 1—al ( )

Then 7™ = « is constant.
In the pure Brownian case: appropriate means linear market price of risk
At = az; (see Kraft (2005)).

Alexander Steinicke Worst-Case Optimal Investment in Incomplete Markets



Concrete Example: Heston and Bates Model

(A + r)dt + /zedW,; — /

[0.1m]

dSt - St—

lv(dt, d/)]

dz; = k(0 — z;)dt + \/z:dB;

Assume an appropriate price of risk

Ae = Mzt) = ac®(z) _|_/ /

[0,/max] 1—al

Hdl) = az +/ /

9(dl).
[0,/max] 1—al ( )

Then 7™ = « is constant.
In the pure Brownian case: appropriate means linear market price of risk
At = az; (see Kraft (2005)).

We have to solve the PDE

¢*x - 1 e~ (tx)v0)
Oev(t, x) + k(0 — x)Oxv(t, x) + 78xxv(t7 x)+ (Pe(a) — 1) — )\(x)#

otV 2 o (v(t0v)
+5<167) —/ log (1—1670 9(dl) =0, v(T,x) =0
2 ( [O,ImaX] ‘g
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Concrete Example: Heston and Bates Model - CIR results

To ensure the correspondence Y; = v(t, z;), we need some growth,
continuity and moment properties of z (DMMSt2024+):
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Concrete Example: Heston and Bates Model - CIR results

To ensure the correspondence Y; = v(t, z;), we need some growth,
continuity and moment properties of z (DMMSt2024+):

Let 2?79 > 1 and z°(x) be the process satisfying

dz; (x) = k(0 — z}(x))dt + s/ z£(x)dB;, zi(x)=x, t>s

Then for all p > 2 there is a constant M}, such that
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Concrete Example: Heston and Bates Model - CIR results

To ensure the correspondence Y; = v(t, z;), we need some growth,
continuity and moment properties of z (DMMSt2024+):

Let 2?79 > 1 and z°(x) be the process satisfying

dz; (x) = k(0 — z}(x))dt + s/ z£(x)dB;, zi(x)=x, t>s

Then for all p > 2 there is a constant M}, such that
o B [sup,< < [27(x) = x|P] < Mp(t = s)(1+ |x|°)
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Concrete Example: Heston and Bates Model - CIR results

To ensure the correspondence Y; = v(t, z;), we need some growth,
continuity and moment properties of z (DMMSt2024+):

Let 2?79 > 1 and z°(x) be the process satisfying

dz; (x) = k(0 — z}(x))dt + s/ z£(x)dB;, zi(x)=x, t>s

Then for all p > 2 there is a constant M}, such that
o B [sup,< < [27(x) = x|P] < Mp(t = s)(1+ |x|°)
® E [sup,< <. [27(x) = Z7(x) = (x = X)|P] <

My(t = s)(Ix = X'|P + |v/x = V/x|P)
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Concrete Example: Heston and Bates Model - CIR results

To ensure the correspondence Y; = v(t, z;), we need some growth,
continuity and moment properties of z (DMMSt2024+):

Let 2?79 > 1 and z°(x) be the process satisfying

dz; (x) = k(0 — z}(x))dt + s/ z£(x)dB;, zi(x)=x, t>s

Then for all p > 2 there is a constant M}, such that
o B [sup,< < [27(x) = x|P] < Mp(t = s)(1+ |x|°)
® E [sup,< <. [27(x) = Z7(x) = (x = X)|P] <

Mp(t = s)(Ix = x'|P + |v/x = VX|P)

Further, if the Feller condition 222 > 1 is satisfied, then there is £ > 0

such that E[exp(ez;(x))] < o0 |.§e. (B exp) is satisfied.
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@ Simulations
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[lustration: Tg,tes (full paths) VS TRS (dashed)

Bates/Heston, no jumps
035

0.3
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0.2

0.15

0.1

0.05

% 1 2 2 s 5
Parameters: a = 2.5, § = zy = 0.014, % = 3.99, ¢ =0.27, / =05, T =5
Y=0, A\t = az
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[lustration: Tg,tes (full paths) VS TRS (dashed)

id ¢ Bates, contant size jumps

0 . . . .
0 1 2 3 4 5

Parameters: a = 2.5, § = zp = 0.014, % =3.99, ¢ = 0.27, /=05, T =5
g=1"*=02,9=0dq A\t =z + 2

l1—aq
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[lustration: Tg,tes (full paths) VS TRS (dashed)

5.5 = Bates, infinite activity jumps
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% 1 > 3 s 5
Parameters: o = 2.5, 6 = z = 0.014, & = 3.99, ¢ =0.27, { =05, T =5
M = 0.2, 9(dl) = 1di, A = az, — el=2")
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[llustration: THeston (full paths) VS RS (dashed)
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Original Heston model, no jumps

0

Parameters: o = 2.5, 0 = z, = 0.014, % = 3.99, ¢ = 0.27, /=05, T =5
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I(dl) =0, \r = af, m £ 7™ const



lllustration: 7 kim—Omberg (full paths) VS RS (dashed)

Kim-Omberg model

b VR
n““ “‘n lml ‘“ﬁ i’ 'M&

Parameters: 6 = zp = 0.014, kK = 3.5,t ¢=03,0=+v0,=05T=5
I(dl) =0, dX\s = k(0 — \;)dt + cdW,, 7 £ 7 +#const
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@ What happens if A\, o are fully Lévy-dependent?

@ Jump (small crash) sizes governed by a process g(/) instead of
constant /.

e What happens if 7 £ 7M.

o Find ways to treat other utility functions such as Power Utility (no
additive structure)!
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Thank you for your attention!
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