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Introduction: Single-objective stochastic control
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Stochastic control system

state X; ——————— | state Xy

E.g. investor's portfolio

@ state variable X
... portfolio value

@ control variable ¢
... portfolio position

@ stochastic factor Z
. asset returns

@ Objective: e.g. minimize E[{(X7)], minimize p(¢(X7)), etc.

@ Applications in finance, engineering, energy management, epidemiology, etc.
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Dynamic programming (Richard Bellman, 1950s)

@ Control problem with a value function V;(X;)

Ve(Xe) == inf{E: [4(XT)] | (¢1s--.,pT-1) feasible}

@ ... is time consistent and the Bellman equations are satisfied,
Ve(X:) = inf  E; [V (X ,
¢(Xe) et (X) t [Ver1(Xet1) ]

VT(XT) = K(XT)

e problem can be solved recursively
o lies at the core of reinforcement learning
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Dynamic programming (Richard Bellman, 1950s)

@ Control problem with a value function V;(X;)

Ve(Xe) == inf{E: [4(XT)] | (¢1s--.,pT-1) feasible}

@ ... is time consistent and the Bellman equations are satisfied,
Ve(X:) = inf  E; [V (X ,
¢(Xe) et (X) t [Ver1(Xet1) ]

VT(XT) = Z(XT)

e problem can be solved recursively
o lies at the core of reinforcement learning

@ What if your problem is multi-objective £ : X — R9?
...set-valued Bellman’s principle

@ What if the distribution of the stochastic factor is unknown?
...model uncertainty
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Multi-objective stochastic control

without model uncertainty
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ochastic control system

@ (for now) known distribution of factor
process (Z;)i=1,....T

@ controlled dynamics & admissibility @

Pt € At(Xt)7 i

Xt+1 = Ft(Xh Pt Zt+1)7 t= O> ey T-1 state X | state Xew

@ technical assumptions

@ probability space (2, F,P) with natural filtration generated by (Zt)¢=1,.. T
@ measurable F; : X X A X Z — X, 3 measurable selector of A; : X = A
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@ (for now) known distribution of factor
process (Z;)i=1,....T

@ controlled dynamics & admissibility @

or € A(Xe), e
Xt+1 = Ft(Xh Pt Zt+1)7 t= O> ey T-1 state X | state Xew
@ multi-loss ¢ : X — R? @
@ aim: minimize E.[4(X
(PtserpT—1)EAL(X:) t[ ( T)]

@ technical assumptions
@ probability space (2, F,P) with natural filtration generated by (Zt)¢=1,.. T
@ measurable F; : X X A X Z — X, 3 measurable selector of A; : X = A
@ bounded, measurable ¢ : X — R
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Vector and multi-objective optimization

Modeling choice: How to compare values of £ : X — R9?

@ preorder < on R? <= ordering cone C C R

x2y & yex+C

@ preorder: non-trivial ({0} € C € R?), convex cone C
@ partial order: pointed (—C N C = {0}) ordering cone C
@ standard assum.: solid (int C # ()), closed, ordering cone

<@

@ preorder <! on %(RY) := L>(Q, F;, P;RY) X

X<Y & YeX+.%4(C)

@ talk: focus on component-wise order < generated by C = Rj_
[Cialenco, K. '26]: also general preorders and partial orders

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



Vector and multi-objective optimization

@ multi-objective optimization problem with f : X — %;(RY)

minimize f(x) with respect to < subjectto x € X

e notions of optimality? value function?

@ x € X is minimizer iff ¢ .
([ ]
({f®)} = Z(RO\{0}) Nf[X] =10 ® o
([ ] o ©
@ x € X is weak minimizeriff o--0

({f(x)} —int Z(RY)) NFIX] =0
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Value function

@ Single-objective: Vi(X;) :=inf{E; [£(X7)] | ¢ feasible}

@ Multi-objective: appropriate notion of infimum?
e Vector-valued candidate: several drawbacks

o Set-valued candidates: image of the feasible set f[X] and upper image

/// V =d (fIX] + Z(R))

/ @ conlinear space of closed, upper sets is a complete lattice

@ set optimization: V is an infimum of the VOP
[LShne '11]; [Hamel et.al. '14, '15]

@ Value function of a multi-objective problem is set-valued
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Multi-objective control and dynamic programming

minimize E.[¢(X7)] with respect to <
subject to s € As(Xs), Xsx1 = Fs(Xs, 05y Zsg1), S=1t,..., T —1

@ value function given a state X; € .Z;(X),

Ve(X) = ol ({ BT | s € AX0), Xota = FulXer 05 Zosa),

s=t,..., T — 1}+,,Z’t(R“’)>
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Multi-objective control and dynamic programming

minimize E.[¢(X7)] with respect to <
subject to s € Ai(Xs), Xer1 = Fs(Xs, s, Zs41), s=t,..., T —1

@ value function given a state X; € Z;(X),

Ve(Xe) = ol ({ EEOX)] | 05 € As(Xe), Xepn = FelXe, 03 Zesa)

s—t... T— 1}+.—Z’r(Rd<)>

Set-valued Bellman's principle [K., Rudloff '21; Cialenco, K. '25]

The value function has a recursive form V7 (X7) = ¢(X7)+<7(R?) and

Ve(Xe) = Cl{ Ed[Y] | s € As(Xs), Y € Vt+1(Ft(Xt7$0t, Zt+1)) }

e set optimization: recursion interpreted as an infimum
@ recursion <> one-step multi-objective problem
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Case study of mean-risk portfolio selection [K., Rudloff '21]

. —E¢(X .
minimize «(X7) with respect to <
pe(XT)
@ scalarized mean-risk problem is time ‘
inconsistent

[Bauerle and Mundt '09]; [Cui et.al.'12]
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Case study of mean-risk portfolio selection [K., Rudloff '21]

—E+(X7)

minimize ( pt(XT)) with respect to < J

scalarized mean-risk problem is time
inconsistent
[Bauerle and Mundt '09]; [Cui et.al.'12]

bi-objective mean-risk problem is time
consistent

e principle of optimality w.r.t. weak
minimizers

e time varying state dependent risk
aversion

set-valued V;(X;) = efficient frontier

e set-valued Bellman's principle holds
e recursive computation of the frontier
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Set-valued Bellman'’s principle

@ Multivariate risk measurement

o set-valued risk measures, superhedging, systemic risk
[Feinstein, Rudloff '13, '15, '17]; [Léhne, Rudloff '14];
[Ararat, Feinstein '21]

@ Control problems

o set-valued Bellman'’s principle, set-valued HJB, time consistency
[K., Rudloff '21]; [Hamel, Visetti '20]; [K., Rudloff, Cialenco '22];
[Iseri and Zhang '23]; [Visetti '23]; [Cialenco, K. '26]

@ Game theory

e recursion for sets of Nash equilibria, mean field games
[Feinstein, Rudloff, Zhang '22]; [Iseri and Zhang '24]
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Towards model uncertainty
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@ Consider the mean-risk problem

o E[X7] and p(X71) computed w.r.t. the distribution of asset returns Z
o distribution of asset returns are assumed to be known

@ In reality, distribution of the stochastic factor Z is often unknown

e mean-risk: an investor does not know the true return distribution

@ Model uncertainty: consider several models for the stochastic factor Z

o e.g. parametrized family of distributions Q(®) = {Q’ : 0 € ©®}
e mean-risk: incorporate investor's uncertainty about return distribution
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Approaches to model uncertainty: single-objective

@ Loss function £ : X — R and parameter set ©®
@ If true 6* € ® were known: stochastic control problem

i EY [0(X¢
i, B [E(X7)]
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Approaches to model uncertainty: single-objective

@ Loss function £ : X — R and parameter set ©
@ Robust approach
o optimize the worst case scenario:  min  sup E?[¢(X¥
sins, sup e [((X7)]
@ Adaptive approach

int estimate 6t of 0 at time t: in  E[¢(X?
4] pOIn estimate (o) a Ime (Ptenxtert) t [( T)]

@ Bayesian approach
o prior distribution £ on ®:  min [ EZ[/(X¥)]¢(d9)
PeEAN(X:) @

Adaptive robust approach

e confidence region ®! C O at time t:  min sup EZ[¢(X¢
SNy P e[((X7)]

see e.g. [Nutz '14], [Rieder '75], [Bielecki et.al. '19], [Shapiro et.al. '23]
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Robust multi-objective stochastic control

[Cialenco, K. '26]
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Robust multi-objective optimization: static case

@ Objective f : X x ® — R
e variable x € X and uncertainty parameter 6 € ©

sup fi(x,0)
0e®

@ Robustified objective fR¢(x) = :
sup fy(x, 0)
9c®

o vector-valued (ideal point) notion of sup f(x,0) := fR¢(x)
0c®
e multi-objective robust counterpart and robust efficient frontier

see e.g. [Kuroiwa, Lee '12]; [Fliege, Werner '13]

@ Set-valued objective € (x) = {f(x,0) : 0 € O}
o set-valued notion of sup f(x, ) := f®(x)
0c®
e set-valued robust counterpart and robust efficiency
see e.g. [Ehrgott, Ide, Schobel '14]; [Ide et.al. '14]
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Ideal point supremum

@ [Cialenco, K. '26]: preorder <! on .Z;(RY) with ordering cone .%;(C)

Vector v-sup X? € Z(R?) is a supremum of {X%}pce C .Z:(RY) w.r.t. <t iff
e

(i) Vo€ ®: X <t v-supX?
0ce N (X +.Z(C)) = v-sup X? +.%(C)

0ec®
(i) (V0e®: X<t A) = vsupX® <t A ee :
6c®

Challenge 1: Non-uniqueness
C={xeR?|w'x>0}
o X¢

— v-supX?
C N oce

~N-
[ ]
[ J
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Ideal point supremum

@ [Cialenco, K. '26]: preorder <t on .%(R9) with ordering cone .%;(C)

Vector v-sup X? € Z(R?) is a supremum of {X%}pce C Z:(RY) w.r.t. <t iff
0c®

(i) Vo€ ®: X <t v-supX? ) )
23] N (XP+Z(C)) = v-sup X +.%(C)

= 0c®
(i) (VOe®: X<t A) = vsupX® <t A ee
6c®

Challenge 2: Non-existence

e {)-().()-(2)-68)- (). (39)- ()
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Ideal point supremum

@ [Cialenco, K. '26]: preorder <t on .Z;(RY) with ordering cone .%;(C)
Vector v-sup X? € Z;(R?) is a supremum of {X%}gce@ C Z:(RY) w.r.t. Xt iff
0cO

(i) Vo e ®: XV <t v-sup X? ,
0€® N (X0 +Z(C)) = v-sup X? +.Z,(C)
e

(i) (VOe®: X<t A) = vsupX® <t A 0€O® e
6cOe

@ sufficient condition for existence of ideal point supremum
@ uniqueness for partial orders

@ This talk: component-wise order < on .%;(RY) with ordering cone .Z;(RY)
@ Bounded set of vectors {X%}gce C Z:(RY)

esssup X/
9c®
v-sup X? :=
0cO )
esssup X!
9c®
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Robust multi-objective control

@ Compact parameter set ®, bounded set {EZ[£(XT)]}oco

minimize v-sup E?[¢(X7)] with respect to <
0c®

subject to s € As(Xs), Xer1 = Fs(Xs, 05, Zs41), s=t,..., T —1

@ vector-valued v-sup — multi-objective stochastic control problem

@ value function given a state X; € Z;(X)
Ve(Xe) = el ({ v-sup EYIXT] | 03 € As(X0). Xoin = FalXor s Zora).
c
s=t,...,T— 1}+:4(R1)>

@ question: dynamic programming for the robust problem?
@ set-valued Bellman’s principle? recursive problem? time consistency?
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Recursive problem and dynamic programming

@ In backward fashion, construct Wy (X7) := V7(X7) and (one-step) problem

minimize v-supE?[Y] with respect to <
2]

SUbjeCt to Yt € At(Xt)a Y € Wt+1(Ft(Xt; Pty Zt+1))

with value function

Wt(Xt) = Cl{ Vo—SLlep Ef[Y] | QDt S At(Xt)7 Y € Wt+1(Ft(Xt7 sﬁt, Zt+l))}
€

@ Set-valued Bellman's principle?

Ve(Xe) = We(Xy)

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



Weak set-valued Bellman’s principle under uncertainty

@ Weak set-valued Bellman'’s principle (inclusion) without further
assumptions

Theorem [Cialenco, K. '26]

For all times t =0,..., T — 1 and all states X; € .Z;(X) it holds

Ve(Xe) SEWe(Xe) e Wi(Xe) CVe(Xe) + Z(RY)
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Weak set-valued Bellman’s principle under uncertainty

@ Weak set-valued Bellman'’s principle (inclusion) without further
assumptions

Theorem [Cialenco, K. '26]
For all times t =0,..., T — 1 and all states X; € .Z;(X) it holds

Ve(Xe) SEWe(Xe) e Wi(Xe) CVe(Xe) + Z(RY)

@ Example: Vi(X;) # We(X:)

A : R VO
: W o binomial tree, T =2, |A| =4
o EEEaess R o |®| =4 with indep. 21,2,
| F—
¢--- : @ Sufficient condition(s) for
¢----0----o— Vi(Xe) = We(Xe)?
\ o |©| =1, but...

June 24, 2026
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Strong set-valued Bellman's principle under uncertainty

Family of models ® is m-rectangular if for all time t =0,..., T — 1 and all
random variables Y € .Zr(R) it holds

sup EY [sup Et+1[Y]} = sup E[Y].
9c©

see e.g. [Epstein, Schneider '03]; [lyengar '05]; [Shapiro '16]
e.g. [Shapiro '16] provides a construction of m-rectangular families

m-rectangularity implies <-rectangularity, i.e. for vector Y € Zr(R9)

v-sup EY [v supE +1[Y]} =v- supE [Y]
0c®

@ preorder =<: verification and construction open
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Strong set-valued Bellman's principle under uncertainty

Family of models © is <-rectangular if for all time t =0,..., T — 1 and all
random vectors Y € Zr(RY) it holds

V-sup Ef |:V—5Up E?+1[Y]:| = V-sup Ef[Y]
6e® 0c® 0cO

Theorem [Cialenco, K. '26]

Assume that © is <-rectangular. Then, for all times t =0,..., T — 1 and all
states X; € Z;(X) it holds Vi(X:) = We(X:), i.e.

V(%) = clf vsupEL[Y] | pe € AX), Y € Verr (Fe(Xe 90 Zer1))
€
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Time consistency under uncertainty

@ Time consistency — principle of optimality
@ Multi-objective control without uncertainty

e optimality notions: minimizers and weak minimizers
e time consistency w.r.t. weak minimizers holds
e time consistency w.r.t. minimizers requires additional assumptions

Theorem [Cialenco, K. '26]

Assume that © is <-rectangular. The family of robust multi-objective stochastic
control problems is time consistent w.r.t. weak minimizers.

(pt,-- -, p7-1) € A (X¢) is a weak minimizer at time t and state X; € Z(X)

(P11, pT-1) € A”l(Ft(Xt, Ot Zt+1)) is a weak minimizer
at time t + 1 and state F(X;, p¢, Zi11)
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multi-objective stochastic control

@ value function of a multi-objective problem is set-valued
@ DPP = set-valued Bellman's principle

@ time consistency w.r.t. weak minimizers

v

robust multi-objective stochastic control

@ ideal point supremum approach

@ weak set-valued Bellman's principle without assumptions

@ strong set-valued Bellman’s principle under rectangularity
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Thank you for your attention!

Multi-objective stochastic contro



@ Kovacova G., Rudloff B.: Time consistency of the mean-risk problem, Operations
Research 69(4): p.1100-1117 (2021).

@ Cialenco I., Kovadovad G.: Vector-valued robust stochastic control, forthcoming in
SIAM Journal on Financial Mathematics (2026).

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



Ararat C., Feinstein Z.: Set-valued risk measures as backward stochastic difference
inclusions and equations, Finance and Stochastics 25(1): 43-76 (2021).

Bauerle N., Mundt A.: Dynamic mean-risk optimization in a binomial model, Math.
Methods Oper. Res. 70(2): 219-239 (2009).

Bellman R. The theory of dynamic programming, Bulletin of the American Mathematical
Society 60 (6): p.503-516 (1954).

Bielecki T., Cialenco I., Ruszczyniski A.: Risk filtering and risk-averse control of Markovian
systems subject to model uncertainty, Mathematical Methods of Operations Research
98(2): p.231-268 (2023).

Cui X., Li D., Wang S., Zhu S.: Better than dynamic mean-variance: Time inconsistency
and free cash flow stream, Mathematical Finance, 22(2): p.346-378 (2012).

Detlefsen K., Scandolo G.: Conditional and dynamic convex risk measures, Finance and
Stochastics 9, p.539-561 (2005).

Dorfler D.: On the Approximation of Unbounded Convex Sets by Polyhedra, Journal of
Optimization Theory and Applications 194(1): p.265-287 (2022).

Ehrgott M., Ide J., Schobel A.: Minmax robustness for multi-objective optimization
problems, European Journal of Operational Research 239(1): p.17-31 (2014).

Epstein L., Schneider M.: Recursive multiple-priors, Journal of Economic Theory 113:
p.1-31 (2003).

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



Feinstein Z., Rudloff B.: Time consistency of dynamic risk measures in markets with
transaction costs, Quantitative Finance 13(9): p.1473-1489 (2013).

Feinstein Z., Rudloff B.: A comparison of techniques for dynamic multivariate risk
measures, In A.H. Hamel, F. Heyde, A. Lhne, B. Rudloff, C. Schrage (Ed.), Set
Optimization and Applications in Finance - The State of the Art, Springer (2015).

Feinstein Z., Rudloff B.: A recursive algorithm for multivariate risk measures and a
set-valued Bellman'’s principle, Journal of Global Optimization 68(1): 47-69 (2017).

Feinstein Z., Rudloff B.: Deep learning the efficient frontier of convex vector optimization
problems, Journal of Global Optimization (2024).

Feinstein Z., Rudloff B., Zhang J.: Dynamic Set Values for Nonzero Sum Games with
Multiple Equilibriums, Mathematics of Operations Research 47(1): 616642 (2022).

Hamel A., Heyde F., Lohne A., Rudloff B., Schrange C.: Set Optimization—A Rather
Short Introduction, Springer Proceedings in Mathematics & Statistics (2015).

Hamel A., Visetti D.: The value functions approach and Hopf-Lax formula for
multiobjective costs via set optimization, Journal of Mathematical Analysis and
Applications 483(1): (2020).

Iseri M., Zhang J.: Set Values for Mean Field Games, preprint (2024).

Iseri M., Zhang J.: Set Valued Hamilton-Jacobi-Bellman Equations, preprint (2023).

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



lyengar G.: Robust dynamic programming, Mathematics of Operations Research 30(2):
p.257-280 (2005).

Ldhne A.: Vector Optimization with Infimum and Supremum, Springer (2011).

Lohne A., Rudloff B.: An algorithm for calculating the set of superhedging portfolios in
markets with transaction costs, Int J Theor Appl Fin 17(2): (2014).

Léhne A., Rudloff B., Ulus F.: Primal and dual approximation algorithms for convex
vector optimization problems, Journal of Global Optimization, 60(4): 7p.13-736 (2014).

Lohne A., WeiBing B.: Equivalence between polyhedral projection, multiple objective
linear programming and vector linear programming, MMOR 84(2): (2016).

Markowitz H.: Portfolio Selection, The Journal of Finance 7(1): p. 77-91 (1952).

Riedel F.: Dynamic coherent risk measures, Stochastic Processes and their Applications
112(2): p.185-200 (2004).

Visetti D.: Characteristic curves for Set-Valued Hamilton-Jacobi Equations, Set-Valued
and Variational Analysis 31(3): (2023)

Shao L., Zhao F., Cong Y.:Approximation of convex bodies by multiple objective
optimization and an application in reachable sets, Optimization 67(6): p.1-14 (2018).

Shapiro A.: Rectangular Sets of Probability Measures, Operations Research 64(2):
p.528-541 (2016).

Gabriela Kova&ova Multi-objective stochastic control June 24, 2026



	Introduction: Single-objective stochastic control
	Multi-objective stochastic control   without model uncertainty 
	Towards model uncertainty
	Robust multi-objective stochastic control  [Cialenco, K. '26]

