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High-Dimensional Time Series

(yit : i 2 N, t 2 Z) = (yit)

yn
t
=

0

@
y1t
...

ynt

1

A yn+1
t

=


yn
t

yn+1,t

�
yt =

0

@
y1t
y2t
...

1

A

Assumption A0: Assume (ynt ) is zero-mean, stationary with existing spectral
density for all n, throughout.
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The Generalised Dynamic Factor Model

yit = �it + ⇠it = ki(L) "t|{z}
q⇥1

+⇠t =
1X

j=0

Ki(j)"t�j + ⇠it, "t ⇠ WN(Iq)

I orthogonality at all leads and lags between the dynamic idiosyncratic an the dynamic common

component

I original model by Forni and Lippi (2001) is two-sided in the dynamic factors

I existence of a one-sided representation that is causally subordinated to (yit) has been shown by Forni

et al. (2015) for the ARMA case and by Gersing (2024b) for the PND case.

I exploding/bounded eigenvalues in the spectral density of �n
t and ⇠nt respectively.
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The Static Approach

yit = Cit + eit = ⇤iFt + eit

I contemporaneous orthogonality between factors and idiosyncratic component

I exploding/bounded eigenvalues of the variance matrix of Cn
t and e

n
t

respectively.
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A Distributed Lag Approach to the GDFM

yit = �i0Ft + ...+ �ipFt�p| {z }
�it

+⇠it

1. extract factors Ft by static PCA

2. Regress yit on estimated factors + lags

+) simpler to use and understand than so far existing frequency domain based
approaches Forni et al. (2000, 2005, 2017); Barigozzi (2022)

+) Incorporate weak factors ) Correct Impulse Responses, Forecasting, etc.

+) Use dynamic structure to achieve better finite sample performance than static
PCA: even for pervasive factors

+) canonical decomposition of factor models (Gersing et al., 2023) immediately
implied
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The Canonical Decomposition of Factor Models

yit = | {z }
�it

Cit +

eitz }| {
e
�
it + ⇠it = ⇤iFt + ⇤w

i F
w
t + ⇠it
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Summary

Static Model/static decomposition

yit = Cit + eit = ⇤iFt + eit

Dynamic Model/dynamic decomposition

yit = �it + ⇠it = ⇤iFt + ⇤w
i F

w
t + ⇠it = �i0Ft + ....+ �ipFt�p + ⇠it
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Model Assumptions and Identification Results
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Dynamic and Static Factor Structure

A1 q-Dynamic Factor Structure

(i) supn µq
�
f
n
y

�
= 1 a.e. on [�⇡,⇡];

(ii) ess sup✓ supn µq+1(fn
y ) < 1.

) implies the dynamic decomposition yit = �it + ⇠it = ki(L)"t + ⇠it.

A2 r-Static Factor Structure

(i) supn2N µr
�
�n
y

�
= 1;

(ii) supn2N µr+1

�
�n
y

�
< 1.

) implies the static decomposition yit = Cit + eit = ⇤iFt + eit.

Together they imply the canonical decomposition yit = ⇤iFt + ⇤w
i F

w
t + ⇠it
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Fundamentalness of the Static Factors

It is quite natural to assume that the same common shocks which drive the whole
economy, also drive the static factors (Ft) and are fundamental for them. Formally,
we require that there is representation of the form:

Ft =
1X

j=0

BF (j)"t�j = bF (L)"t,

where bF (L) is a causal transferfunction that has a causal left inverse, say cF (L),
of dimension q ⇥ r such that

"t =
1X

j=0

CF (j)Ft�j = cF (L)Ft.
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Identification from Static Factors

�it = proj (yit | Ht(")) .

A3 Identification from Static Factors

(i) (Fundamentalness) The common shocks are fundamental for the statically
pervasive factors, i.e.

Ht(F ) = Ht(")

(ii) (Finite lag order) For every i the projection of yit on Ht(F ) can be expressed
by at most p lags, i.e.

proj (yit | Ht(F )) = �it = �i0Ft + · · ·+ �ipFt�p
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Further Justification

Assume the well known model

yit = �i(L)ft + ⇠it = �i0ft + ...+ �ipft�p| {z }
�it

+⇠it

=
⇥
�i0 · · ·�ip

⇤
0

B@

ft
.
.
.

ft�p

1

CA+ ⇠it = ⇤̄iF̄t + ⇠it, say.

a(L)ft = (1�A1L� · · ·�ApfL
pf )ft = b"t, "t ⇠ WN(0, Iq), and rk b = q,

And assume (ft) is following a VAR(pf ) process.

Obviously

�it = �i(L)a
�1

(L)"t = ki(L)"t. (This is a GDFM see proof in Gersing et al. (2023)).
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Further Justification

Now in this representation �
n
t = ⇤̄n

F̄t, say only r < r� = q(p+ 1) eigenvalues
diverge, i.e. lagged factors are less pervasive. Then

Ft = T F̄t T 2 R
r⇥r�

In particular this means that not all r� eigenvalues in ⇤̄n0
⇤n diverge.
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State Space Representation

We can represent this as a state space system:

Ft = T F̄t (observation equation),

0

BBB@

ft+1

ft
...

ft�p+2

1

CCCA

| {z }
F̄t+1

=

2

6664

A1 A2 · · · Ap

Iq 0
. . .

Iq 0

3

7775

| {z }
A

0

BBB@

ft

ft�1

...
ft�p+1

1

CCCA

| {z }
F̄t

+

2

6664

b

0
...
0

3

7775

|{z}
G

"t+1

F̄t+1 = AF̄t +G"t+1, (transition equation).
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Further Justification

Theorem
Consider the set of minimal stable systems (A1, ..., Ap, b, T ) ⌘ (A,G, T ), then ("t)
is fundamental for (Ft) in the following cases:

1. For r = q if det [t(z)] 6= 0 for all |z| < 1, where t(z) = TS(z) with
S(z) :=

�
Iq, Iqz, ..., Iqz

p�1
�0
.

2. For r > q generically.
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Asymptotic Theory



17/68

Motivation

I The procedure resembles a “Factor-Augmented-Regression” Bai and Ng
(2006); Bernanke et al. (2005)

I The theory from Bai and Ng (2006) cannot be applied in our set up because
they assume independence of (Ft) and (eit)

I Here: eit = ⇤w,n
F

w
t + ⇠it and F

w
t is a linear transformation of Ft, Ft�1, ..., Ft�p

) we must allow correlation at lags.

I In the proofs I need to use the canonical decomposition of factor models from
Gersing et al. (2023) to allow for correlation at lags.

I I provide a di↵erent proof for the factor asymptotics trying to make the
assumptions imposed more transparent

I First asymptotic results with heteroscedasticity over time for the GDFM
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Asymptotic Theory

High level description of the Assumptions for consistency: A4 and A5

I Global boundedness of the loadings k⇤ik < B⇤ < 1, k⇤w
i k < B⇤, distinct

eigenvalues, n�1⇤n0
⇤n

! �⇤ > 0

I Global bound of the idiosyncratic variances: E
⇥
⇠
2
it

⇤
< B⇠ < 1, global bound

for the first eigenvalue of the variance matrix supt supn µ1

⇣
E

h
⇠
n
t ⇠

n0
t

i⌘
< 1,

supn2N µ1

⇣
⇤w,n0

⇤w,n
⌘
< B⇤w .

I Moment estimation: �̂F (h), �̂
ij
⇠ (h), �̂F ⇠i(h) converge in mean square to the

population second moments at the usual rates.
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A Trick with Davis-Kahan

Using the variant of the Davis-Kahan-Theorem from Yu et al. (2015) used also in Barigozzi (2022).

Lemma: Population Eigenvectors and Eigenvalues
Under Assumption A2 and A4, we have

(i)
��pj

�
�
n
y

�
� pj(�n

C)
�� = O(n�1

), for 1  j  r;

(ii) |µj
�
�
n
y

�
� µj(�

n
C)| = O(1) for 1  j  r.

With this we can show that n1/2
���K̂j(�̂

n
y )�Kj(�

n
C)

��� = OP (max(T�1/2, n�1
)), while

K = M�1/2
(�

n
y )P (�

n
y ) and K̂ = K(�̂

n
y ). Then it’s all about killing idiosyncratic terms with K, K̂...
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Consistency of Factors and Loadings Space and Common Component

Let Ŵ y,n
t := M

�1/2(�̂n
y )P (�̂n

y )| {z }
r⇥n

y
n
t , (sample normalised principal components)

x̂t :=
⇣
Ŵ

y,n0

t , ..., Ŵ
y,n0

t�p

⌘0
(stacked version)

Theorem
Under Assumptions A1-A3, with Ĥ = Ŵ

0
F (F 0

F )�1, Ĥ = x̂
0
x(x0

x)�1, Ĥ⇤ =
⇣
⇤n0

⇤n
⌘�1

⇤n0
⇤̂n

(i)
���Ŵ y,n

t � ĤFt

��� = OP (max(n�1/2
, T

�1/2)) and
���x̂t � Ĥxt

��� = OP (max(n�1/2
, T

�1/2))

(ii)
���⇤̂i � ⇤iĤ⇤

��� = OP (max(n�1/2
, T

�1/2)) and
����̂i � �iĤ�1

��� = OP (max(n�1/2
, T

�1/2))

(iii)
���Ĉit � Cit

��� = OP (max(n�1/2
, T

�1/2)), k�̂it � �itk = OP (max(n�1/2
, T

�1/2)) and

kê�it � e
�
itk = OP (max(n�1/2

, T
�1/2))
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Asymptotic Theory

Assumptions for Asymptotic Normality: A6 and A7

I CLTs for T�1/2PT
t=1

xt⇠it and
⇣
Ip+1 ⌦ n

�1/2⇤n0
⌘
(⇠n

0
t , ..., ⇠

n0
t�p)

0

I Stronger conditions limiting the serial correlation in the idiosyncratic
component.
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Asymptotic Normality of the Loadings

Theorem
Under Assumptions A0-A7, as

p
T/n ! 0, with bH = T

�1
PT

t=1
x̂tx

0
t

⇣
T

�1
PT

t=1
xtx

0
t

⌘�1

, we have

p
T

⇣
�̂i � �i

bH�1

⌘
) N

⇣
0, asy��̂i

⌘

The asymptotic variance asy��̂i
is given by

asy��̂i
:= ��1

x (Ip+1 ⌦ P⇤)⌦x⇠(i)
�
Ip+1 ⌦ P

0
⇤

�
��1

x . (1)

Estimation Following Bai (2003); Bai and Ng (2006); Barigozzi (2022) for estimating the middle
term, robust to heteroskedasticity, we may use either one of the following:

\(Ip+1 ⌦ P⇤)⌦x⇠(i) (Ip+1 ⌦ P⇤)
0 =

1
T

TX

t=1

TX

s=1

x̂t⇠̂it⇠̂isbx0
s(t, s) (2)

where (t, s) is a suitable kernel with bandwidth MT .
The final estimator for the asymptotic variance is then given by

asy�̂�̂i
=

 
1
T

TX

t=1

x̂tx̂
0
t

!�1

\(Ip+1 ⌦ P⇤)⌦x⇠(i) (Ip+1 ⌦ P⇤)
0

 
1
T

TX

t=1

x̂tx̂
0
t

!�1

.
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Asymptotic Normality of the Factors

Theorem
Under Assumptions A0-A7, as

p
n/T ! 0, we have

p
n
⇣
x̂t � bHxt

⌘
) N (0, asy�x̂t )

The asymptotic variance asy�x̂t is given by

asy�x̂t :=

⇣
Ip+1 ⌦D�1

⇤
P⇤

⌘
⇥⇤⌅(t)

⇣
Ip+1 ⌦ P 0

⇤
D�1

⇤

⌘
.
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Asymptotic Normality of the Dynamic Common Component

Theorem
Under Assumptions A0-A7, as

p
n/T ! 0 and

p
T/n ! 0, we have

�̂it � �itq
1

T Uit + 1

nVit

) N (0, 1),

where Uit := x
0
t�

�1

x ⌦x⇠(i)�
�1

x xt and Vit = �i

�
Ip+1 ⌦ ��1

⇤

�
⇥⇤⌅(t)

�
Ip+1 ⌦ ��1

⇤

�
�
0
i.
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Asymptotic Normality of the Weak Common Component

Theorem
Under Assumptions A0-A7, as

p
n/T ! 0 and

p
T/n ! 0, we have

ê
�
it � e

�
itq

1

T Uit + 1

nVit

) N (0, 1),

where

Uit := x
0
t�

�1

x ⌦x⇠(i)�
�1

x xt + F
0
t⌦Fe(i)Ft � 2x0

t�
�1

x ⌦x⇠,Fe(i)Ft

Vit := �i

�
Ip+1 ⌦ ��1

⇤

�
⇥⇤⌅(t)

�
Ip+1 ⌦ ��1

⇤

�
�
0
i + ⇤i�

�1

⇤
⇥⇤e(t)�

�1

⇤
⇤0

i

� 2�i

�
Ip+1 ⌦ ��1

⇤

�
⇥⇤⌅,⇤e(t)�

�1

⇤
⇤0

i.
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Simulations
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Simulation

yit =

| {z }
�it

Cit +

eit
z }| {
e�it + ⇠it = ⇤iFt + ⇤

w
i Fw

t + ⇠it

yit = �it + ⇠it = �i1ft + �i2ft�1| {z }
�it

+⇠it

ft = aft�1 + "t with "t ⇠ iidN(0,
p
1� a2| {z }
�"

), soV ft = 1

Suppose
I

Pn
i=1

�
2

i1 ! 1 for n ! 1 (pervasive)
I supn

Pn
i=1

�
2

i2 < 1 (non-pervasive)
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DGPs for the Dynamic Idiosyncratic Component

We consider di↵erent DGPs for the dynamic idiosyncratic component, based on
the specification

⇠it = ↵i⇠i,t�1 + "
⇠
it

with "
⇠
it ⇠ iidN(0,�2

⇠i) and independent of ("t) the shocks of the factor process,

with E("⇠it"
⇠
jt) = ⌧

i�j
, i, j = 1, ..., n, with ⌧ 2 {0, 0.5} if i� j  10 and E("⇠it"

⇠
jt) = 0

otherwise; last ↵i = {0, �i} with �i ⇠ iidU(0, �) and � 2 {0, 0.5}. The parameters ⌧
and � are crucial to control the cross-sectional and serial correlation in the
dynamic idiosyncratic component, respectively.
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Side note: Impulse Responses

yit = | {z }
�it

Cit +

eitz }| {
e
�
it + ⇠it = ⇤iFt + ⇤w

i F
w
t + ⇠it

yit = �it + ⇠it = �i1ft + �i2ft�1| {z }
�it

+⇠it with ⇠it ⇠ iidN(0, 1)

ft = aft�1 + "t with "t ⇠ iidN(0,
p

1� a2), soV ft = 1

I Transfer-function of the static common component:

k
C
i (L) = (�i1 + �i2a)(1� aL)�1

I Transfer-function of the dynamic common component:

k
�
i (L) = (�i1 + �i2L)(1� aL)�1
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Simulation

DGP 1: including weak factors

y
n
t =

2

666666666666664

0 1
...

...
0 1
1 0
1 0
1 0
1 0
...

...
1 0

3

777777777777775

✓
f1t

f2t

◆
+ ⇠

n
t

which yields Cit = aft, e
�
it = ft�1 � aft for 1  i  10

Cit = ft, e
�
it = 0 else.
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Simulation: Consistency and Finite Sample Performance

0.
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0.
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dlreg

(30, 60) (60, 120) (120, 240) (240, 480) (480, 900)
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(n, T)

spca1
spca2
spca3
spca5
spca9

(30, 60) (60, 120) (120, 240) (240, 480) (480, 900)

DGP1: Simulation Mean Squared Error of �1,t: 500 replications,

(n, T ) = (30, 60), (60, 120), (120, 240), (240, 480), (480, 900),
spca: estimation with r = 2 principal components, reg on lag: regression on first pc and lag, dpca: estimation with

q = 1 dynamic principal components. PC with non-perv. factors not consistent, see Onatski (2012).
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Simulation - Reconsider E�ciency

DGP2: No weak factors, Gersing et al. (2023)

1 2 3 4 5

0.
00

0.
05

0.
10

0.
15

(n, T)

M
M

SE

spca
dpca
reg_on_lag

DGP2: �̃i1 ⇠ iidU(1, 1), �̃i2 ⇠ iidU(0.1, 0.1). Simulation Mean Squared Error of avg(�i,t): 500 replications ,

(n, T ) = (30, 60), (60, 120), (120, 240), (240, 480), (480, 900)

spca: r = 2 PCs, reg on lag: regression on first PC and lag, dpca: q = 1 dynamic PCs
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Coverage Rates for Confidence Intervals

(n, T ) (30,60) (60,120) (120,240) (240,480) (480,900)

e�
1t, ⌧ = 0, � = 0 0.653 0.904 0.932 0.944 0.950

�1t, ⌧ = 0, � = 0 0.826 0.930 0.948 0.948 0.934

C1t, ⌧ = 0, � = 0 0.846 0.932 0.924 0.942 0.934

e�
1t, ⌧ = 0.5, � = 0 0.544 0.854 0.892 0.916 0.918

�1t, ⌧ = 0.5, � = 0 0.768 0.892 0.910 0.920 0.946

C1t, ⌧ = 0.5, � = 0 0.802 0.896 0.922 0.914 0.926

e�
1t, ⌧ = 0, � = 0.5 0.602 0.892 0.922 0.932 0.956

�1t, ⌧ = 0, � = 0.5 0.844 0.918 0.942 0.932 0.936

C1t, ⌧ = 0, � = 0.5 0.806 0.950 0.934 0.956 0.948

e�
1t, ⌧ = 0.5, � = 0.5 0.560 0.874 0.894 0.926 0.928

�1t, ⌧ = 0.5, � = 0.5 0.764 0.882 0.910 0.926 0.932

C1t, ⌧ = 0.5, � = 0.5 0.812 0.896 0.938 0.946 0.948
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Empirical Application
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Monthly Euro Area Macroeconomic Data from all Major Economies

Barigozzi et al. (2024)

Data contains COVID-period, preprocessing: stationarity transformation, removal
of univariate + multivariate outliers for parameter estimation. Compute Factors
and Components with original raw data.

1) Estimate Ft, i.e. xt

2) Select with BIC lag order for each i with pmax = 12, then regress
yit ! Ŵt, Ŵt�1, ..., Ŵt�p.

3) Estimate standard deviations and compute confidence intervals.
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Whole Euro Area
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Austria
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Germany
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France
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Italy
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Spain
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Portugal
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Netherlands
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Greece

LTIRT_EL
TRNDCOG_ELPPIING_EL
PPIDCOG_EL

REER42_EL
HICPSV_EL

KCONFIX_ELHICPIN_EL
PPICOG_EL

TRNNRG_ELCCI_EL
PPINDCOG_EL

CCONFIX_EL
SCONFIX_EL

RTCONFIX_EL
ICONFIX_ELBCI_ELIPING_ELSHIX_EL
TRNCAG_EL
HICPNEF_EL
IPDCOG_ELHICPG_ELIPCAG_EL
HICPOV_EL
PPICAG_ELIPMN_EL
TRNING_EL

TRNCOG_ELIPNRG_EL

TRNNDCOG_ELIPCOG_EL
IPNDCOG_EL
ESENTIX_EL
PPINRG_EL
HICPNG_EL

0.00 0.25 0.50 0.75 1.00
explained share of variance

component
dynIS

statCC

weakCC

EL



45/68

Belgium
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Ireland
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Ireland
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Confidence Intervals for the Dyn. and the Stat. Common Component

Financial Crisis Euro Crisis COVID Energy Crisis
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Confidence Intervals for the Weak Common Component

Financial Crisis Euro Crisis COVID Energy Crisis
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Conclusion

yit = | {z }
�it

Cit +

eitz }| {
e
�
it + ⇠it = ⇤iFt + ⇤w

i F
w
t + ⇠it

I Simple way to estimate the GDFM and the canonical decomposition above

I Even if there are no weak factors: e�ciency gains from regressing on lags

I Lots of empirical evidence for the presence of weak factors and consequently a
di↵erence between the GDFM and the static approach
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Thank You
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