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(Multivariate and mixed type) longitudinal data
Numeric Binary Ordinal
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Clustering (unsupervised classificatio

Log(Total disposable income) Affordability of week holiday Financial burden of housing cost
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Classical clustering methods

@ “Classical’ data: Y4,..., Y, € RP

® K-means, hierarchical methods, ...

@ based on a distance in p-dimensional Euclidean space

e (Mixed type) longitudinal data
e Y; e RA" — different numbers of measurements per subject
@ irregulary spaced in time
e some Y;; €{0,1},€ {0, 1,2}, ...

@ distance?
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(Multivariate and mixed type) longitudinal data
Numeric Binary Ordinal
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Model based clustering
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Model based clustering

Data for subject /, D;:
Yi= (Y, Y, Yo, Y, Y, YR, =10

Y] 6 7
v/, = (ti,...): additional covariates, j=1,....,m, r=1,...,R(=3)
— C,‘
e (Whole) population consists of K subpopulations.

In advance, we do not know who is who.

e Data in subpopulation k € {1,...,K} follow certain statistical
model
— f(yii €, & C)
e ¢k group-specific (unknown) model parameters

® ¢&: (unknown) model parameters shared by all groups
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(Multivariate and mixed type) longitudinal data
Numeric Binary Ordinal
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Simple example

o Group-specific model = “simple” gaussian linear model
iid.
Yij= B3 +Bitij+eij i = N0, 07)

e ¢ =p"= (8, B1)

e £=o°

n;
o fi(y;i £, & C) =[] o Wijs 85 + Bitij, o°)
j=1
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Longitudinal numeric outcome

e Group-specific model = linear mixed model
Yij =B85+ Bftij+ bio+ bi1tij+eij, €ij S N(0, ?)
bi = (bio, bi1) " N(0, D)
o £ =p"= (6, Bf)
e (= (0% %)
o fi(y;i £, & C) = o(y; XiB", Vi),
1 t,'71
Xp=|:
1 ti,n,-

Vi =X ZX] + 021,
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(Multivariate and mixed type) longitudinal data

Numeric Binary Ordinal
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Model based clustering

e Data in subpopulation k € {1,...,K} follow certain statistical
model

— fe(y;; €5, € C)

e (Yet) unknown allocation of subject i in either of K groups:
U e {1, co0g K}

fi(yi €, € .C) =p(y;| U= k; €, ¢, Ci)

e (Unknown) proportions of K groups in the whole population:
Wk:P(U,'Zk; W), k=1,...,K,

w=(w, ..., wg) €(0,1)"
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Model based clustering

e Above implies the (marginal) distribution of response
f(vii 0. Ci) = p(yi: 6, Ci)

p(yi| U=k €. & C)P(Ui=k w)

M= I~

wi i (y;; €4, €, Ci)

>
Il

1

mixture of models

o Unknown parameters of (the whole) model:

0= (w, ¢ ¢, ... &5

and a mixture likelihood (if independence across subjects assu-
med)

Loy =TI, (v 6.c)
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Model based clustering

Classification?
e (Not yet) really Bayesian analyzis but a simple use of the Bayes
theorem (k =1,...,K):

u,-,k(O) = P(U,' = kl Y= Y 9, C,')

p(y:| Ui =k; € & C)P(U = k; w)
K
> Pyl U=1¢ &c)P(U=1w)

wic fi (y;; €5, €, )
Z:(=1 W f/(yi; Slv £7 CI)
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Model based clustering

Classification?
e If we knew all model parameters 6 = (w, &, e, §K), possible
classification rule (“prediction” of the allocation variable U;):

U,- = argmax u; x(0)
k=1,...K

e In case we do not know 6, just estimate it (— 5) and then

o~

U; = argmax uik(0)
k=1

pacag
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Maximum-likelihood estimation

@ Likelihood

K
L) =TT {3 wek(vi € & c)}
k=1

LMM 77"

i:1{z weo (Vi Xif", i EX] + o lni)}

k=1

® 0 — argmax L(6)

e EM algorithm?
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Model for mixed type longitudinal
data
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(Multivariate and mixed type) longitudinal data

Numeric Binary Ordinal

Log(Total disposable income) Affordability of week holiday Financial burden of housing cost
11
51
S == CR S
[ [E=="
K==+ =
:::O P
g7 31
10 - e izt
[ &= ===
] =
-
%
~3 ®e
9 -
=
==
1.0 10
08 08 —
8 06 | 06
0.4 Bo S
02 C2]
00 0.0
74 W Yes ONo W Heavy [JSomewhat [JNot
T T T T T T T T T T rTTTT T T T T TTTT rTT T T T T T TT T TT
W g 5 m g 9 4 N @ T 0 g LerRgOdNN TN g WEeERR O NN YN g
8 8§ 5 88 g 3 338 3 8 35 8858334983383 8858332933483
8§ 8 8 8 88 828 8 8 8 8 888888888888 88888888888
8 8§ 8 R 8 8§ 8§ § 8 8 R/ R SRRRIJ|]KRKRR SS]RRIRIJ|K/KRR
Time Time Time

— { 1 2 2 3 3 9
Yi: (Yi,17"'7\/[,n,-7 Yi,17---7Yi,n,-: %,17"'7)/1',n,')1 I:17"'7n

¥ L7 Y?
Vi = (t,,,...): additional covariates, j=1,...,n;, r=1,...,R(=3) = (]

19/56 Arnost Komarek & Jan Vavra Classification Based on Mixed Type Longitudinal Data



Model for mixed type longitudinal data

@ Hierarchical model

o Numeric outcome: linear mixed model (LME), i.e.,
Y| bl C] ~ Np(nf, 7',_1][,,,.),
n) = X|B" + Zjb]

b} "< wait a little bit
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(Multivariate and mixed type) longitudinal data

Numeric Binary Ordinal

Log(Total disposable income) Affordability of week holiday Financial burden of housing cost
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Model for mixed type longitudinal data

e® Binary and ordinal outcome: linear mixed model (LME) for a latent
numeric variable

e Thresholding concept

we observe Y/, =1 <« 4 < Y/ < 4y
e Y;": latent (unobservable) numeric variable
® —oc0 =) <7y <--- <[ = oo:unknown thresholds

e For identifiability purposes: v{ = fixed const

® Then as before:
Yo' b Cl o~ No(nf, 77 '1,),
7. = 1 for identifiability purposes

n} = X/8" + Zb]
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Joint model

e How to model dependencies across different outcomes on one
subject?

@ Joint distribution for all random effects
b b,N g N o= pN s sN  gNoB
i b,-OB d MOB ’ zOBN zOB

e u: (unknown) mean of random effects

e X: (unknown) covariance matrix of random effects
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Likelihood

P (Yi

B, X, 7,7, Ci)

= [ [o(.vee, v b

//P YOB |Y* OB ) (YN Y* ,OB | bi, ﬁa"'; Ci)

thresholding MV LME

8.1, %, 7,7 ;) db;dv; %

- p(bi| p, E) db;dy; "

normality

e In principle, the likelihood corresponds to the CDF of truncated
multivariate normal distribution
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Likelihood
Pieces to be integrated
n L'—1

p(vP® v, ) = TT TI| 2 1 () og g 0%°))]

rEROB =1 1=0
p(YN, Y% | b;, B,7; Ci)

n; n;
= IT ITe Wi nip " - 11 H@<yfir; s 1)

rE’RN“m /':1 rE'ROB /':1

p(bi|p, X) = o(bi; p, X)
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Mixture likelihood

e Do not forget, we will mix the above model

e On top of random effects and latent variables for binary/ordinal
outcomes, there will be also latent component allocations U;. ..

® The mixture likelihood is then

n K
L(6) = H{Z wep(Y; ‘ A%, w0, 50,70y, ¢)) }
i=1 k=1
p<YI /67/11327757; CI)

thresholding MV LME

p(bi| 1, ) db; dY ;8

normality

26/56 Arnost Koméarek & Jan Vavra Classification Based on Mixed Type Longitudinal Data



Maximum likelihood?

® Maximum-likelihood estimation?
e EM algorithm?

e Good luck...
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IV.

Bayesian inference
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Hierarchical model

The model is fully hierarchical:

I
-/
thresholols
/08
U
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Bayesian inference

e Specify a prior distribution for @ (in a reasonable way)

e Principles of Bayesian Data Augmentation (BDA) can be used
towards Gibbs sampling and MCMC to obtain the posterior
sample (™, m =1,..., M for inference

e Has been implemented (by JV) in @ and R
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Bayesian classification

Remember (k =1,...,K):
uik(0)=PU=k|Yi=y;0,C)

wi fi (yi; €5, & Ci)
Zj(:1 W f/(yl'; €l7 E) Cl)

Here:

f(yi €5, €, C)

//p YOB |Y* OB ) (YN Y* ,OB | bi, ﬁ(k),‘r(k); Ci)

thresholding MV LME

p (b u®,£®) db; dv;®

—_— ——
normality
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Bayesian classification

e For each i and k, quantity u; x(8) is just some function of unk-
nown parameters

e In a Bayesian classification procedure, rather than u; « (6), one
would use some estimate of u; x(@) directly, e.g.,

® The posterior mean

M
~ 1
U,',k = /U,k(e (0|'D Z U,’k 0(m

m 1

e “Small” complication: integrals over the multivariate normal
density must be calculated

e Next to the point estimate, also the (95% HPD) credible interval
for u; (@) can be calculated to quantify uncertainty

SN (ULOW’ UUPP)
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Bayesian classification

e Traditional rule: U; = argmax U; «
k=1 K

XS0

— may lead to high misclassification rates if two (or more) clusters
are not really apart

e Uncertainty in classification may, e.g., be taken into account as
follows:

Subject J is classified in group Uy = k if and only if the lower
bound UFZ" of the credible interval is higher than any other
upper bound U,f’,P P, | # k. If this does not happen, subject i
remains unclassified.
— fills clusters with their most typical representatives
— keep indecisive subjects aside
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Classification of a “new” subject

e The whole procedure can also be used to classify a “new” sub-
ject without re-fitting the model (running the MCMC procedure

e Allocation probabilities are just a function of model parameters

Unew,k(o) = |:’(Unew = k{ Ynew = Ynew: 07 Cnew)

Wk fk(ynew; €k7 & Cnew)
= - /
2/21 WI f/(ynew; 5 ) £7 Cnew)

e® The posterior mean (and the credible interval) does not need to
include the “new” observation in the posterior distribution

Unew,k = /Unew k (9 ‘ D(Old) Z Unew k
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Classification of a “new” subject

e Allocation probabilities are just a function of model parameters

Unew,k(a) = I:>(Unew = kl Y new = Yoew: 6, Cnew)

Wi f (ynew; €k7 £, Cnew)
K i
Z/=1 ] f/(ynew; £ ) €a Cnew)

e With longitudinal data Ypew = (Ynew,1, Ynew2, - - - Ynew,nnew)T,
classification can proceed dynamically. We will follow the “new”
subject only until the moment when it is clear to which cluster it
belongs to
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V.

Simulation
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Simulation setting

® Three longitudinal outcomes: numeric, binary, ordinal (3 levels)
® Four measurement occasions: 0 < ti1 < fi> < lizg < tia <1

® Linear predictor (for all outcomes)
1X) - 2+
X\, AR©5),  XE M Unif(0, 1)

Q (r = intercept): bo i + Bit:, E(bo,i) = Bo
@ (r=slope):  Bo+ biitij, E(b1,i) = B
@ (r=both):  bo;+biiti,  E(bo, bii) = (Bo, B1)
@ Class specific?
@ (d = intercept): B = 6(k)
Q (d = slope): ; = B
© (d = both): 5o = B, B =
— 3 x 3 =9 scenarios with K = 2,3 and n = 100, 500, 1000
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Simulation setting, K = 3

d = intercept

1 = intercept

r = slope
2

-6 -4 -2 0

-6 -4

T — T T
00 02 04 06 08 10 00 02 04 06 08 10

15

r=both
o

-5
-5

-10
-10

— T T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10
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Classification ability

. d . K=2 K=3

Correct [%] Uncl. [%] Miscl. [%] Correct [%] Uncl. [%] Miscl. [%]
g g 100 27.0 (17.2) 63.2 (25.4) 9.8 (13.7) 23.0 (17.5) 70.2 (21.0) 6.8 (9.4)
e e 500 625 (27.2) 33.0 (27.3) 44 (3.8) 44.3 (20.6) 50.8 (22.1) 49 (4.4)
E £ 1000 851 (6.7) 101 (7.1) 48 (09) 586 (169) 355 (172) 6.0 (3.1)

a2, 100 768 (54) 203 (55) 29 (1.9) 560 (85 404 (89) 36 (24)
g 8 500 861 (1.8) 89 (1.8) 50 (1.0) 746 (20) 190 (21) 64 (12
£ @ 1000 875 (1.1) 67 (0.9) 59 (07) 782 (15 138 (15 80 (0.8)
& 100 865 (44) 120 (44) 15 (1.1) 580 (94) 385 (102) 34 (22)
g § 500 929 (1.4) 45 (11) 26 (0.7) 769 (25 165 (25 67 (1.1)
£ 1000 938 (0.8) 33 (0.6) 29 (0.5 794 (1.6) 128 (16) 7.8 (0.8)
° g 100 962 (26) 34 (25) 04 (0.6) 612 (155 364 (157) 23 (1.8)
s ¢ 500 979 (0.5) 15 (05) 06 (04) 876 (22) 92 (22) 32 (07)
° 1000 983 (0.4) 09 (03 08 (03 902 (12 62 (11) 36 (0.5
° ° 100 801 (204) 163 (19.0) 36 (87) 857 (135 133 (136) 1.0 (12
B B 500 928 (1.5 46 (14) 26 (0.7) 949 (1.2) 36 (100 15 (0.5
K ° 1000 939 (0.9 33 (0.7) 28 (05 955 (0.7) 26 (0.5 1.9 (0.4)
. - 100 853 (180) 138 (180) 09 (0.9) 622 (235) 358 (234) 20 (27)
8 3 500 962 (1.0) 26 (09 13 (0.6) 924 (1.7) 55 (1.5 21 (0.8)

1000 967 (0.6) 18 (04) 15 (04) 933 (09) 41 (09) 25 (05)
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Classification ability

100 188 (13.7) 760 (166) 52 (7.2) 187 (162) 781 (167) 32 (4.1)
4 (252) 587 (272) 6.0 (85)  30.6 (185) 651 (20.5) 4.3 (3.9)
1000 705 (22.4) 243 (234) 52 (1.9) 464 (121) 482 (139) 54 (24)

both
intercept
a
o
o
w
o
>

100 16.2 (132)  79.2 (168) 45 (6.0) 234 (223) 749 (236) 1.6 (23)

Q
§ Ef 500 69.7 (18.1) 247 (19.4) 56 (20) 69.8 (134) 252 (144) 50 (1.4)
K 1000 805 (3.0) 120 (33) 74 (12) 811 (22) 119 (21) 7.0 (0.8)
- . 100 167 (145) 803 (17.3) 3.0 (55) 194 (19.8) 797 (207) 09 (1.4)
3 g 500 436 (30.5) 533 (32.3) 30 (28) 663 (196) 291 (21.1) 45 (1.9)

1000 803 (10.5) 135 (11.1) 62 (12) 809 (33) 121 (35 7.0 (1.0)
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Dynamic classification

® Remember: ujx(6) =P(U;=k|Y; =y, 6,C)
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VI.
EU-SILC (Czech)
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EU-SILC (Czech
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EU-SILC (Czech)

Model
e Linear predictor (for outcome r € {1, 2, 3}):

0.; + Bo+B1Bi(tij)+ -+ BgBs(tij) + B85 Sij
~—~

spline in time weighted family size

= all B’s possibly class specific (depend on k)

e Random effect vector: by ; = (b ;, b5, bg,,-)T
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EU-SILC (Czec
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EU-SILC (Czec
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How many groups?

Kernel density estimate ECDF
K
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n
DX(6;Y,C) = —2log p(Y|6; C) = —2> _ log p(Y;|6; C;)

i=1
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VIL.

Conclusions
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e Model based clustering is a general clustering method applica-
ble with almost any data structures

e The only thing we need to do is to specify a model for data
at hand which also expresses presumable differences between
clusters

e Bayesian MCMC calculation solves (relatively easily) problems
with a mixture likelihood and other possibly ugly integrals as
soon as the model can be written hierarchically

e With MCMC based inference, also uncertainty in classification
can (realively easily) be taken into account

e MBC also naturally allows for development of, in fact, a discri-
minant procedure allowing to classify “new” subjects (diagnosis
in medicine, ...)
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Work in progress

e Also nominal categorical data are quite frequent (especially in
social sciences...)

@ Thresholding approach could in principle be used as well to link
categorical outcome to the numeric one

— Interpretation of the model parameters (trends) would, however,
be somehow strange

e Alternative: sort of generalized linear mixed model (GLMM) to
be used for categorical outcomes

55/56 Arnost Koméarek & Jan Vavra Classification Based on Mixed Type Longitudinal Data



Vielen Dank fur lhre
Aufmerksamkeit!
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