Proximal algorithms for nonconvex and nonsmooth
minimization problems

Radu loan Bot
(the talk relies on joint works with
Sebastian Banert, Robert Csetnek and Szilard LaszI6)

University of Vienna
Faculty of Mathematics
Oskar-Morgenstern-Platz 1
1090 Vienna
Austria
www.mat.univie.ac.at/~rabot

Research Seminar of the Institute for Statistics and Mathematics
Vienna University of Economics and Business
May 3, 2019

LWwrF

Der Wissenschaftsfonds.




Contents

The minimization of a nonsmooth plus a smooth function: the convex case
Proximal-gradient splitting
Accelerated proximal-gradient splitting

The minimization of the sum of two nonconvex functions

The Kurdyka-tojasiewicz property

D.C. programming

A double-proximal gradient algorithm

Application to image processing



The minimization of a nonsmooth plus a smooth function: the convex case

Let H be a real Hilbert space and
> f:H— Ra proper, convex, lower semicontinuous function;
» g : H — R a convex and Fréchet differentiable function such that Vg is

Ly 4-Lipschitz continuous.
Consider the convex optimization problem

;réiqri{f(w) +g(z)}. (1)




Proximal-gradient splitting

Proximal-gradient algorithm

(v > 0) @nt1 = prox, p(wn —1Vg(zn))




Proximal-gradient splitting

Proximal-gradient algorithm
(¥n > 0) @41 = prox, (zn —Va(zn))

Proximal operator

If f € T(H):={k:H — R: kis proper, convex and lower semicontinuous} and
v > 0, then

prox, ¢(x) 1= argmin, ¢4 {f(u) + %Hu — :v||2} Va € H.




Proximal-gradient splitting

Proximal-gradient algorithm

(¥ > 0) @ns1 = prox, s (zn — YVg(an))

Proximal operator

If f € T(H):={k:H — R: kis proper, convex and lower semicontinuous} and
v > 0, then

prox., (z) := argmin, ¢4, {f(u) + %Hu — :v||2} Va € H.

Convergence of the proximal-gradient algorithm

If v € (07 LLVQ), zo € H and (1) is solvable, then (zn),>0 converges weakly to an

optimal solution of (1).
If * is an optimal solution of (1) and ~ := #, then
g9
L _ax]|2
< Lvgllwo — "I

0< (f+9)(zn) = (f+9)(z") < o n > 1.




Accelerated proximal-gradient splitting

Accelerated proximal-gradient splitting (FISTA)

_ _ 1
Yn+1l = Tp + Oén(l'n - zn—l)




Accelerated proximal-gradient splitting

Accelerated proximal-gradient splitting (FISTA)

_ _ 1
Yn+1l = Tp + Oén(xn - mn—l)

Convergence of FISTA (Beck, Teboulle, 2009)

tn
tn

T+y/14+42

5 (& thi1 —tntr = 17).

Let be y1 = x9 € H and ay, =

—1 vn > 1, where t; := 1 and
+1

lnt1 =

If * is an optimal solution of (1), then
2Lvgllwo — =2

0 S (f+g)(xn) - (f+g)(z*) S (n+ 1)2

Vn

> 1.




Convergence of the FISTA iterates (Chambolle, Dossal, 2014)

Let be y1 =20 € H and a, = tn=l yp > 1, where t; := 1 and for a > 3

tn41
n+a-—1 5 5
ln = T(: tn+1 - t’n+1 S tn)'

Then (z)n,>0 converges weakly to an optimal solution of (1).
If * is an optimal solution of (1), then
Lyga?||zo — z*|?

0< (F+g)(en) ~ ( +9)") < T

n > 1.




Convergence of the FISTA iterates (Chambolle, Dossal, 2014)

Let be y1 =20 € H and a, = tn=l yp > 1, where t; := 1 and for a > 3

tn41
n+a-—1 5 5
ln = T(: tn+1 - t’n+1 S tn)'

Then (z)n,>0 converges weakly to an optimal solution of (1).
If * is an optimal solution of (1), then
Lyga?||zo — z*|?

n > 1.
2(n+a—1)2 -

0<(f+9)(zn) = (f+9)(") <

(Attouch, Peypouquet, 2015)

In the hypotheses of (Chambolle, Dossal, 2014), if * is an optimal solution of (1),
then 1
0< (F+9)wa) = (F+9)E) =0 (3).

n2




The minimization of the sum of two nonconvex functions

Consider the optimization problem
min{f(z) + g(z)}. (2
TEH

» H is a finite-dimensional real Hilbert space;

> f:H— Ris proper, lower semicontinuous and bounded from below;
» g:H — R is Fréchet differentiable and Vg is Ly 4-Lipschitz continuous.
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Inertial proximal-gradient algorithm
For 0 < a < a, <@ and 0 < 3, < [3 consider the iterative scheme:

(Vn > 1) xpt1 € prox,, ¢ (@n — anVg(zn) + Bn(Tn — Tn-1))-




The minimization of the sum of two nonconvex functions

Consider the optimization problem
min{f(z) + g(z)}. (2
TEH

» H is a finite-dimensional real Hilbert space;
> f:H— Ris proper, lower semicontinuous and bounded from below;
» g:H — R is Fréchet differentiable and Vg is Ly 4-Lipschitz continuous.

Inertial proximal-gradient algorithm
For 0 < a < a, <@ and 0 < 3, < [3 consider the iterative scheme:

(Vn > 1) xpt1 € prox,, ¢ (@n — anVg(zn) + Bn(Tn — Tn-1))-

General assumption
Let 0 < @ <@ and 3 > 0 satisfy

1>aLly, + 28>,
a

Then N 8 8
—alLy,

M) = ——— — — > My 1= —.

! 2w 20 279




Fundamental inequality

(f + 9)(@nt1) + Ma|lzn — zny1]? + (M1 — Ma)||zn — Tni1 ]
< (f+9)(@n) + Ma|zn_1 —zn|> VYn>1.




Fundamental inequality

(f + 9)(@nt1) + Ma|lzn — zny1]? + (M1 — Ma)||zn — Tni1 ]
< (f+9)(@n) + Ma|lzn—1 —zn|®> Vn>1

Consequences |
If f+ g is bounded from below, then
> 3o o = noi]2 < oo

> the sequence ((f + g)(@n) + M2||Tn—1 — Znl|?)n>1 is monotonically decreasing
and convergent;

> the sequence ((f + g)(zn))n>0 is convergent.




Fundamental inequality

(f + 9)(@nt1) + Ma|lzn — zny1]? + (M1 — Ma)||zn — Tni1 ]
< (f+9)(@n) + Ma|lzn—1 —zn|®> Vn>1

Consequences |
If f+ g is bounded from below, then
> 3o o = noi]2 < oo

> the sequence ((f + g)(@n) + M2||Tn—1 — Znl|?)n>1 is monotonically decreasing
and convergent;

> the sequence ((f + g)(zn))n>0 is convergent.

Consequences |l

If f+ g is coercive, i.e.
lim (f+g)(z) = +oo,
lz]|—=+o0
then (zn)n,>0 has a convergent subsequence to a critical point of f + g. In fact, every
cluster point of (xn), >0 is a critical point of f 4 g.




The limiting subdifferential of a proper and lower semicontinuous
function h: H — R

» the Fréchet (viscosity) subdifferential at € dom h:

Bh(z) = v € H : liminf LW=L@)—(w-2) 5
y—x ly—z]|

» the limiting (Mordukhovich) subdifferential at € dom h:

Oh(z) ={v € H :3zy, — z, h(xn) = h(z) and Jv, € dh(zn),vn — v as n — 4oco}




The limiting subdifferential of a proper and lower semicontinuous
function h: H — R

» the Fréchet (viscosity) subdifferential at € dom h:

Bh(z) = v € H : liminf LW=L@)—(w-2) 5
y—x ly—z]|

» the limiting (Mordukhovich) subdifferential at € dom h:

Oh(z) ={v € H :3zy, — z, h(xn) = h(z) and Jv, € dh(zn),vn — v as n — 4oco}
w

Properties of the limiting subdifferential

» if ¢ € H is a local minimizer of h, then = € crit(h) := {2z € H : 0 € Oh(2)};

» if h continuously differentiable around = € H, then Oh(z) = {Vh(x)};

» closedness criterion: vy, € Oh(zyn) Yn >0, (zn,vn) — (z,v) and h(zn) — h(z) as
n — +o0, then v € Oh(x). ;

» sum formula: if k: H — R is continuously differentiable, then

A(h + k)(z) = Oh(x) + Vk(x) for all z € H;

» if h is convex, then Oh(z)={v € H:h(y) > h(z)+ (v,y —z) Vy € H} Vz € dom h.J




Recall that
Z lZn — Zn_1]|* < +oo.

n>1



Recall that
Z lZn — Zn_1]|* < +oo.

n>1

If one can ensure that

Z |xn — xn—1]] < 400,
n>1

then (z,,)n>0 is convergent.



The Kurdyka-tojasiewicz property

Let h : H — R be proper and lower semicontinuous. The function h is said to have the
Kurdyka-tojasiewicz (KL) property at € dom 8h = {z € H : Oh(z) # 0}
if there exist

> 1 € (0,+o0];
> a neighborhood U of z;

> a concave and continuous function ¢ : [0,7) — [0, 400) such that ¢(0) =0, ¢ is
continuously differentiable on (0,7) and ¢’(s) > 0 for every s € (0,7)

such that
¢ (h(y) — h(2))dist(0, 0h(y)) = ¢' (h(y) — h(z))int{[[v] : v € DA} =1 (3)

for every
yeUn{z e H: h(z) < h(z) <h(z)+n}.

If h has the KL property at every point in dom 0h, then h is called KL function.
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Let h : H — R be proper and lower semicontinuous. The function h is said to have the
Kurdyka-tojasiewicz (KL) property at € dom 8h = {z € H : Oh(z) # 0}
if there exist

> 1 € (0,+o0];
> a neighborhood U of z;

> a concave and continuous function ¢ : [0,7) — [0, 400) such that ¢(0) =0, ¢ is
continuously differentiable on (0,7) and ¢’(s) > 0 for every s € (0,7)

such that
¢ (h(y) — h(2))dist(0, 0h(y)) = ¢' (h(y) — h(z))int{[[v] : v € DA} =1 (3)

for every
yeUn{z e H: h(z) < h(z) <h(z)+n}.

If h has the KL property at every point in dom 0h, then h is called KL function.

The KL property is satisfied at every noncritical point
If x € dom h is a noncritical point of h, then there exists ¢ > 0 such that
ly =zl + [h(y) — h(=z)| < ¢ = dist(0, Oh(y)) > c.

Then (3) is fulfilled for p(s) = %s and every
y € B(z,c/2)N{z € H : h(z) —c/2 < h(z) < h(z) + ¢/2}.




If h is continously differentiable around z, then (3) becomes

¢’ (h(y) — h(@) VRl = IV (¢ o (h = k() ()] = 1 4)

for every
yeUn{zeH: h(z) < h(z) <h(z)+n}.




If h is continously differentiable around z, then (3) becomes

¢’ (h(y) — h(@) VRl = IV (¢ o (h = k() ()] = 1 4)

for every
yeUn{zeH: h(z) < h(z) <h(z)+n}.

tojasiewicz (1963)

If h: H — R is a real-analytic function and = € H a critical point, then there exist
0 € [1/2,1) and C,e > 0 such that (tojasiewicz property)

|h(y) — h(z)|® < C||[Vh(y)| for every y € H with |ly — z|| < e.




If h is continously differentiable around z, then (3) becomes
¢’ (h(y) — h(@) VRl = IV (¢ o (h = k() ()] = 1

for every
yeUn{zeH: h(z) < h(z) <h(z)+n}.

4)

tojasiewicz (1963)

If h: H — R is a real-analytic function and = € H a critical point, then there exist
0 € [1/2,1) and C,e > 0 such that (tojasiewicz property)

h(y) = h(z)|” < C||Vh(y)|| for every y € H with |ly — || <.

Thus, (4) is fulfilled for ¢(s) = ;5 Cs' =% and every

y € B(z,e)N{z € H: h(z) < h(z) < +oo}.




Examples of KL functions

> semi-algebraic functions, i.e., functions having as graph semi-algebraic sets,
namely, sets of the form

jgl iél{u €R™ : g;;(u) =0 and h;;(u) < 0},
where g;;,hi; : R™ — R are polynomial functions;

> real polynomial functions;

» indicator functions of semi-algebraic sets;

finite sums and product of semi-algebraic functions;

compositions of semi-algebraic functions;

|| - |lp for p € Q (including the case p = 0);

v vV VvV VY

convex functions fulfilling a certain growth condition;

v

uniformly convex functions.




Theorem
If f+ g is coercive and H : H x H — R,
H(z,y) = (f + 9)(z) + Mz||lz — y||?

is a KL function, then there exists = € crit(f + g) such that lim z, =7Z.
n—-+oo
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If f+ g is coercive and H : H x H — R,
H(z,y) = (f + 9)(z) + Mz||lz — y||?

is a KL function, then there exists = € crit(f + g) such that lim z, =7Z.
n—-+oo

» Step 1 (decrease property):

H(zn+1,xn) + (Ml - M2)Hxn+1 - xn”2 < H(mnvxn—l) vn > 1.



Theorem
If f+ gis coercive and H : H x H — R,
H(z,y) = (f + 9)(z) + Mz||z — y||?

is a KL function, then there exists = € crit(f + g) such that lim z, =7Z.
n—-+oo

» Step 1 (decrease property):

H(mn—&-l,xn) + (Ml - M2)Hxn+1 - xn”2 < H(mnvxn—l) vn > 1.

» Step 2 (subgradient lower bound for the iterates gap):
For every n > 1 there exists

Wnt1 = (Ynt1 + 2M2(Tny1 — xn), 2M2(Tn — Tnt1)) € OH(Tni1,Tn),

where
Tn — X
Yngl = ——= o ntl Vg(xnt1) — Vg(zn) + —5” (n — Zn—1),
n

n

such that
wnsill € N(lznsr — znll + l2n — a-1l).

Here,

B

Qn

0<N—sup{—+ng+4M2,

} < +oo.
n>1



» Step 3 (applying the KL property):
Let z € crit(f + g) be a cluster point of (2n)p>0 and H(zn,zn—1) > H(z,x) for
every n > 1. Then there exists 7 > 1 such that for every n > 7n

(Z\/[l - ]\/[2)”$n+1 - InHQ < H(xna mn—l) - H(xn+1793n)
N(llzn = zn-1ll + [|[zn-1 — zn—2l) ~ llwn 1]l
(H(zn,zn-1) — H(@nt1,2n))
dist((0,0),0H (n,Tn—-1))
(P/(H(mnvxnfl) - H(m,x)) . (H(wﬂdmn*l) - H(xn+1»zﬂ)) <

(H (@n, 2n1) — H(z,2)) — p(H(wns1,20) — H(z,2)).

IN




» Step 3 (applying the KL property):
Let z € crit(f + g) be a cluster point of (2n)p>0 and H(zn,zn—1) > H(z,x) for
every n > 1. Then there exists 7 > 1 such that for every n > 7n

(Z\/[l - ]\/[2)”$n+1 - lnHZ < H(xna wn—l) - H(xn+1793n)
N(llzn = zn-1ll + [|[zn-1 — zn—2l) ~ llwn 1]l
(H(znaxn—l) - H(xn-&-lyxn)) <
dist((0,0),0H (n,Tn—-1))
@' (H(zn,xn-1) — H(z,2)) - (H(zn,2n-1) = H(Zn+1,2n)) <

(H (@n, 2n1) — H(z,2)) — p(H(wns1,20) — H(z,2)).

By denoting for every n > 1

N
en = ———— (p(H(@n, zn-1) — H(z,2)) — ¢(H(Tnt1,2n) — H(z,2)))
My — Ms
an = ||on — zn-1ll,
it holds

An+1 < 5n(an+an—1) < (an+an—l)+5n Vn > n.

N



» Step 3 (applying the KL property):
Let z € crit(f + g) be a cluster point of (2n)p>0 and H(zn,zn—1) > H(z,x) for
every n > 1. Then there exists 7 > 1 such that for every n > 7n

(M1 — Ma)||zn+1 — xn|? < H(xn,zn—1) — H@nt+1,2n)
Nl — ontll + [2n_1 — onzl) ool
(H (e, 2n 1) = H(rngr,20)
dist((0,0),0H (n,Tn—-1))
¢ (H(n,2n1) — H(z,2)) - (H(2n 2n-1) = H(@ns1,20)) <
P(H(n,2n1) — H(2,2)) — 9(H(@n11,20) — H(z,2)).

By denoting for every n > 1

N
en = ———— (p(H(@n, zn-1) — H(z,2)) — ¢(H(Tnt1,2n) — H(z,2)))
My — Ms
an = ||on — zn-1ll,
it holds

(an + an—1) +en Yn > 7.

N

an4+1 < 5n(an + an—l) <

Since Zn>1 en < 400, it follows that

Z an = Z lzn — zn—1]] < +oo.
n>1 n>1

Hence (2 )p>0 is a Cauchy sequence and, consequently, convergent.



Corollary
If f+ g is coercive and semi-algebraic, then
(3) Y so llont1 = oall < +oo

(b) there existsthen there exists = € crit(f + g) such that lim z, ==.
n—-+oo




Numerical experiment |

Consider the optimization problem

inf |a1] — |w2| + 27 —log(1 + a?) + 23
(z1,22)€ER2
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Consider the optimization problem

inf 1| — |z2| + 2 — log(1 + #7) + 23
(z1,22)€ER2

> f:R? = R, f(x1,22) = |z1| — |z2] is nonconvex and continuous;
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{_’Yv ’Y}: if xr2 = 07
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Numerical experiment |
Consider the optimization problem

inf |z1| — |z2| + 23 — log(1 + #?) + a3
(z1,22)€ER2

> f:R? = R, f(x1,22) = |z1| — |z2] is nonconvex and continuous;

» For v >0 and = = (21, x2) € R? it holds:

prox., ¢ (z) = prox,.|(z1) X prox,_.)(z2),
where

prox, . (e1) = o1 — sgn(w1) - min|z1], 7}

and
z2 + 7, if x99 >0
pI‘OX,Y(_l_D(IQ) = T — 7, if zo <0
{_’77 ’Y}: if xr2 = 07

> g:R? = R, g(w1,22) = 27 — log(1 + %) + x3, is continuously differentiable, while
Vg is %—Lipschitz continuous;
» f+ g is coercive;

» (0, %) and (0, —%) are the only optimal solutions.




Iterations: 100; Starting points: (—8, —8), (—8,8), (8, —8) and (8, 8), respectively;
First column: the non-inertial version (8, = 8 = 0 Vn > 1); Second column:
Brn =B =0.199 Vn > 1; Third column: 8, = 8 =0.299 Vn > 1.



Numerical experiment Il (restoration of noisy blurred images)

For a given matrix A € R™*™ describing a blur operator and a given vector b € R™
representing the blurred and noisy image, the task is to estimate the unknown original
image T € R™ fulfilling

Az =b.




Numerical experiment Il (restoration of noisy blurred images)

For a given matrix A € R™*™ describing a blur operator and a given vector b € R™
representing the blurred and noisy image, the task is to estimate the unknown original
image T € R™ fulfilling

Az =b.

We solve the regularized nonconvex minimization problem

Jnf ZZ ((Az = b)) + A[Wzo ¢,

k=1 1=1

where

> ¢ :R =R, ¢(t) = log(1l +t2), is derived form the Student ¢ distribution;
» X\ > 0 is a regularization parameter;

» W :R™ — R™ is a discrete Haar wavelet transform with four levels;

> [lyllo = >0, [sen(yi)l, for y = (y1, ..., ym)-

In this context, x € R™ represents the vectorized image X € RMXN \where
m= M- N.




» Since WWT =wTw = I,,,
prOXWHVV(»)H[] (l) = VVT pI‘OX)\,YH_HO(VVI) YV (S Rm V'y > 07
where for all u = (u1, ..., um) we have

IOy () = (PTOy 1y (). PO (1)

and for all t € R

t, if [t] > /2\y,
ProxXy, 1o (t) = {0,t}, if |t = \/2)\y,

0, otherwise.



» Since WWT = WTW = I,,,,
prOX’W”VV(’)”U (l) = VVT pI‘OX)\,YH_HO(VVI) YV (S Rm V'Y > 07
where for all u = (u1, ..., um) we have
ProXy .o (&) = (Proxxy|.jo (u1), ... PTOX sy | (um))
and for all t € R
t, if [t] > /2\y,
ProxXy, 1o (t) = {0,t}, if |t = \/2)\y,

0, otherwise.

» For the experiments we used the 256 x 256 boat test image which we first blurred
by using a Gaussian blur operator of size 9 X 9 and standard deviation 4 and to which
we afterward added a zero-mean white Gaussian noise with standard deviation 10~6.



» Since WWT = WTW = I,,,,
pI’Ole\VV(»)Hg (l) = VVT pI‘OX)\,YH_HO(VVI) YV (S Rm V'y > 07
where for all u = (u1, ..., um) we have

IOy () = (PTOy 1y (). PO (1)

and for all t € R

t, if [t] > /2\y,
ProxXy, 1o (t) = {0,t}, if |t = \/2)\y,

0, otherwise.

» For the experiments we used the 256 x 256 boat test image which we first blurred
by using a Gaussian blur operator of size 9 X 9 and standard deviation 4 and to which
we afterward added a zero-mean white Gaussian noise with standard deviation 10~6.

» We took as Lipschitz constant of the gradient of the smooth misfit function
Lyg =2



original image blurred & noisy image

noninertial reconstruction inertial reconstruction

The first row shows the original 256 X 256 boat test image and the blurred and noisy one and the
second row the reconstructed images after 300 iterations.



D.C. programming

Consider the optimization problem
min {g(x) + () — h(Kz) |z € M} 5)

» G and H are finite-dimensional real Hilbert spaces;
> g:H— Rand h: g — R are proper, convex and lower semicontinuous functions;
» K :H — G is a linear mapping;

» ¢ : H — R is convex, Fréchet differentiable and Vi is Ly ,-Lipschitz continuous.

v
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Consider the optimization problem
min {g(x) + () — h(Kz) |z € M} 5)

» G and H are finite-dimensional real Hilbert spaces;
> g:H— Rand h: g — R are proper, convex and lower semicontinuous functions;
» K :H — G is a linear mapping;

» ¢ : H — R is convex, Fréchet differentiable and Vi is Ly ,-Lipschitz continuous.
v
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min {h*(y) — (g + ¢)"(K*y) |y € G} . (6) |




D.C. programming

Consider the optimization problem
min {g(x) + () — h(Kz) |z € M} 5)

» G and H are finite-dimensional real Hilbert spaces;

> g:H— Rand h: g — R are proper, convex and lower semicontinuous functions;
» K :H — G is a linear mapping;

» ¢ : H — R is convex, Fréchet differentiable and Vi is Ly ,-Lipschitz continuous.

Toland dual problem

min {h*(y) — (g + ¢)"(K*y) |y € G} . (6)

Primal-dual formulation
min {®(z,y) |z € H,y € G}, (7)
P:HXxG—=R, D(z,y):=g(x)+ o) +h*(y) — (y, Kz).

® is proper and lower semicontinuous.




Proposition
1. The optimal values of (5), (6) and (7) are equal.
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Proposition
1. The optimal values of (5), (6) and (7) are equal.
2. Forallz € H and y € G,

®(z,y) > g(z) + (x) — h(Kz)  and
B(z,y) > h*(y) — (9 4+ )" (K"y).

3. Let T € H be an optimal solution of (5). Then

K*0h(KZ) C 9(h o K)(F) C 8g(F) + V().

4. Let § € G be an optimal solution of (6). Then

Ko(g+¢)"(Ky) CO((g+¢)" o K*)(y) € OR™(Y).

5. Let (Z,7) € H x G be an optimal solution of (7). Then Z is an optimal solution
of (5), and 7 is an optimal solution of (6). Furthermore,

K*y € 9g9(z) + Vo(), (8)
Kz € Oh* (). (9)




Critical points of ®

We say that (Z,y) € H x G is a critical point of the objective function ® of (7) if

K*j € 9g() + V()
Kz € 0h™(y).

We denote by crit® the set of critical points of the function ®.
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K*j € 9g() + V()
Kz € 0h™(y).
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Critical points of ®

We say that (Z,y) € H x G is a critical point of the objective function ® of (7) if

K*j € 9g() + V()
Kz € 0h™(y).

We denote by crit® the set of critical points of the function ®.

Critical pointsof g4+ ¢ —ho K
crit(g+ ¢ —hoK) :={z € H: K*Oh(Kz) N (9g(z) + Vy(z)) # 0}

Critical points of h* — (g + ¢)" o K*
crit(R* — (g + )" 0 K*) == {y € G : K(g + ¢)" (K*y) N Oh*(y) # 0}

If (z,9) € H X G is a critical point of ®, then
K*y € K*Oh(KzZ) N (09(Z) + V(T)),
Kz € Ko(g+ ¢)" (K*g) NOh™ ().

Thus, Z is a critical point of g+ ¢ — ho K and ¥ is a critical point of
R —(g+¢)" o K*




A double-proximal gradient algorithm

Let (z0,y0) € H x G, and let (vn),,>¢ and (un),,~o be sequences of positive
numbers. For all n > 0 set - -

Tn+l = ProX, 4 (Zn + K yn — mVe(zn)),
Yn+41 = Prox, px* (yn + HnK$n+1)~




A double-proximal gradient algorithm

Let (z0,y0) € H x G, and let (vn),,>¢ and (un),,~o be sequences of positive
numbers. For all n > 0 set - -

Tp41 1= prox,, o (zn + YK yn — 1 Ve(zn)),
Yn+41 = Prox, px* (yn + pnKxny1).

Important inequalities
Foralln >0

Ly 1
D(Tnt1,Yn) — P(@n,yYn) < (Tw - 7—) ln — zni1]l?,
n

1
D(Tnt1,Yn+1) — P(Tnt1,yn) < . lyn — yniall®.
n




Proposition

» For alln >0, if0<”yn§%,then
Ve

D (241, Un+1) < P(Tnt1,yn) < P(Tn, Yn)-




Proposition

- 2
>Fora|ln20,|f0<7n§m,then

D(xnt1,Yn+1) < P(Znt1,yn) < P(Tn, Yn).

» Let inf {g(z) + ¢(z) — h(Kz) |z € H} > —o0 and

0< mf Yn < sup vp <
n>0 Ly, n>0

Then,
D lzn —zarl* <400 and Y lyn — yntall? < +oo.

n>0 n>0

and 0< 1nf tn < SUP pn < F00.

(10)




Proposition
- 2
» Foralln >0, |f0<’yn§m,then

(b($n+1»yn+1) < q)(m7L+1:yn) < ‘I)(Inayn)-

» Let inf {g(z) + ¢(z) — h(Kz) |z € H} > —o0 and

2
0< 1nf Yn < sup vn < and 0< 1nf wn < sup pp < 400. (10)
n>0 Ly, n>0
Then,
D lzn —zarl* <400 and Y lyn — yntall? < +oo.
n>0 n>0
Proposition

Let inf {g(z) + ¢(z) — h(Kz) |z € H} > —oco and (10) be satisfied. If (zr),,~, and
(Yn)n>0 are bounded, then

1. every cluster point of (), ~ is a critical point of (5),

2. every cluster point of (yn),,~( is a critical point of (6)

3. every cluster point of (zn,¥yn), > is a critical point of (7).




Proposition

Let (10) be satisfied. For any n > 0, the following statements are equivalent:
1. (zn,yn) is a critical point of ®;
2. (Znt1:Ynt1) = (@Tn, Yn);
3. D(Tn+1,Yn+1) = P(@n, Yn)-




Proposition

Let (10) be satisfied. For any n > 0, the following statements are equivalent:
1. (zn,yn) is a critical point of ®;
2. (Znt1:Ynt1) = (@Tn, Yn);
3. ®(zn+1,Yn+1) = ®(Tn, yn).

Let

w(zo,y0) := {set of cluster points of (xn,yn), o when xo and yo are the initial points}.

Theorem (Convergence result)
Let (10) be satisfied and assume that the sequence (Zn,¥n),,~( is bounded. Then the
following assertions hold:

1. 0 # w(zo,y0) C crit® C crit(g + ¢ — ho K) x crit(h* — (g + ¢)* o K*),

2. limy 0o dist((zn, yn), w(zo, yo)) =0,

3. if the common optimal value of the problems (5), (6) and (7) is finite, then

w(xo,yo) is a compact and connected set, and so are the sets of cluster points of
the sequences (zn),,~¢ and (Yn),>g»

4. the objective function @ is finite and constant on w(zo, yo) provided that the
optimal value is finite.




Lemma (subgradient estimation)

For each n > 1 with v,,_1 < %, there exist
@

. M+K*y_1—y + Vo(zn) — Vo(rn_1
( 5511 ): Yn—1 (yn ) 1n—)y (wn) (Tn-1) € 00 (2, yn),
y n— n
" Bn—1

thus,

. 1
lenll < I lyn—1 = ynll + S zn—1—znl,

lynll <

lyn—1 = ynll- (11)

n—1




Lemma (subgradient estimation)

For each n > 1 with v,,_1 < %, there exist
@

Tp—1—Tn *
i o P E (Wn-1 —yn) + Ve(zn) — Ve(zn-1)
( yg ): ! yn‘: 1;1yn, € 8@(In,yn),
thus,

. 1
lznll < NIEKI lyn—1 —ynll + 5 lzn-1—zall,

. 1
lynll < " lyn—1 —ynll- (11)

n—1

Theorem (convergence result when @ is a KL function)
Let

0<y:= ig%vn§7:=sup7n< o
nz n>0 Ve

O<p:= ir;foungﬁ::supun<+oo.
nz n>0

Suppose that @ is in addition a KL function and that the sequences (z),,~, and
(Yn)n>0 are bounded. Then (zn,yn), > is a Cauchy sequence, thus convergent to a
critical point of ®. -




Theorem (convergence rates)

In the hypotheses of the previous theorem, assume that ® is a KL function with
desingularization function s ITIOC'sl*H for some C >0 and 0 <0 < 1. Let T and

7 be the limit points of the sequences (), > and (yn),,~¢. respectively. Then the
following convergence rates are guaranteed: B

1. if =0, then there exists ng > 0, such that ,, = Tn, and yn = yn, for n > ng;
2.if0< < %, then there exist ¢ > 0 and 0 < g < 1 such that
lzn — 2| <eg™  and lyn — 3l < cq”
for all n > 0;
3. if % < 0 < 1, then there exists ¢ > 0 such that

) _1-0
[n — | <en 20=T  and  [lyn —y[| <cn 2T

for all n > 0.




An example
» Primal program

1
min { 5x2 — max{—z, O}}

zER

» Dual program

min
y€[—1,0]

12
2y}

J{

» Primal-dual critical points: (—1,—1) and (0, 0).






Application to image processing

» We represent an image of the size m X n pixels by a vector x € R™" with entries in
[0,1] (where O represents pure black and 1 represents pure white).

» The original image = € R™" is assumed to be blurred by a linear operator

A :R™" — R™™ and corrupted with noise v. Knowing b = Az + v, we want to
reconstruct the original image = by considering the minimization problem

min (ﬁ Az — b))? + J(D:c)),
TERMM™ 2
where 1 > 0 is a regularization parameter, D : R™" — R2™" s the discrete gradient
operator given by Dz = (D1iz, D2x),

Til,j — Tij, t=1,....m—1L7=1,...,n;

D1 : R™ — R™ (Diz), . =
! (D1z)5 {07 i=m;j=1,...,n

Tij4+1 — Tig, t=1,....myj=1,...,n—1;

Dy : R™"™ — R™" (Dox), ; :=
2 >( 213)1,] {0’ i=1,...,m;j=n,

and J : R™™ — R is a regularizing functional penalizing noisy images.



Choices for the functional J:

» Zhang penalty (Zhang, 2009): Zhang,(z) = Zf:ln ga(z;), where a > 0 and

1 . .
galz) = e !f lz;| < a, _ 1 1] (1 !f |z5| < a,
1 if |z5]>a a szl —a) if |zj] > a.

2mn h

Denoting the part after the curly brace as hqo(z;) and hq(z) := Zj:l

have

a(zj), we

-1 ifzg—%—va,

z—T—'ya if—%—'yagzg—'ya,
Prox. (z)=<0 if —va<z2<~a,

z—ya ifq/agzg%—l—'ya,

1 isz%—i—'ya.

a



Choices for the functional J:

> Zhang penalty (Zhang, 2009): Zhang,(2) = >

_?:171 ga(zj), where a > 0 and

if ‘Zjl <a,

Lz if |zl <a 1 0
N =2 al®d J Y | —
9a(25) {1 if 5] >a ald Lzl —a) if |z] > a.

Denoting the part after the curly brace as hqo(z;) and hq(z) := Z

have
1

a

z+ya

proxp,x (2) = ¢ 0
z—a
1

a

2mn h

j=1 G(Zj)' we

ifzg—%—va,

if —%—’yagzﬁ—'ya,
if —vya<z<~a,
ifya<z<21+qaq,
isz%—i—'ya.

» LZOX penalty (Lou, Zeng, Osher, Xin, 2009): LZOX,(z) = [|z|[,;1 — a||z||, where

m n
[, 0)|[ = ZZ NIRRT

i=1 j=1



» We tested the MATLAB code on a PC with Intel Core i5 4670S (4x 3.10GHz) and
8GB DDR3 RAM (1600MHz);

» Stopping criterion: ||(Tn4+1,Yn+1) — (Tn, Yn)|leo < 107%;
» Stepsizes: un = vn = ﬁ for all n > 0;

» Initial values: g = b, yo € Oh(Kxo).

(b) Original image (c) Blurry image



» ISNR(z)) = 10log;, (

2
[ESTk
o=

a = 0.01 a = 0.03 a=0.1 a=0.3 a = 1.0 a = 3.0
n= 1.0 —43.708 —33.711 —23.148 —13.846 —3.0288 2.4922
p = 10.0 —18.781 —9.9406 —3.2070 2.5442 5.9227 6.9777T
p = 20.0 —11.270 —4.8428 0.43533 4.7768 6.76613 6.57299
pn = 50.0 —4.8333 —1.05553 2.63959 6.46109 6.81752 3.952101
p = 100.0 —1.7546 —0.14560 3.16532 6.90202 5.29597 2.129705
pn = 200.0 —0.41418 0.0619477 2.98543 6.38513 3.088196 1.110186
p = 500.0 0.0077144 0.121807 2.101321 3.816813 1.317390 0.482406
p = 1000.0 0.0528014 0.127592 1.423684 2.070959 0.692487 0.271777
ISNR values for Zhang after 50 iterations
a = 0.00 a=0.2 a=0.4 a=0.5 a=0.6 a=0.8 a=1.0
n= 1.0 —3.0288 —4.2266 —3.7637 —3.6569 —3.5150 —4.3590 —13.701
p = 10.0 5.9227 6.26615 6.414791 6.44871 6.45780 6.28863 4.301090
pn= 20.0 6.76613 6.90005 6.93064 6.917926 6.88018 6.61521 5.305623
pn = 50.0 6.81752 6.78308 6.65411 6.4923 6.36250 5.780558 4.741993
pn = 100.0 5.29597 5.23264 5.05189 4.91247 4.739717 4.287092 3.696120
pn = 200.0 3.088196 3.060511 2.985871 2.930448 2.863122 2.693096 2.477708
pn = 500.0 1.317390 1.312168 1.298834 1.288983 1.277010 1.246724 1.208036
© = 1000.0 0.692487 0.691049 0.687585 0.685057 0.682000 0.674272 0.664401

ISNR values for LZOX after 50 iterations



XX

) LZOX, p =20, a = 0.4 ) LZOX, p =20,a =1 (f) LZOX, p =50, a =0

B

) Zhang, p = 10, a = 3 (h) Zhang, p =20,a =1 (i) Zhang, p = 100, a = 0.1

Reconstructions
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