VALUE ADJUSTMENTS AND DYNAMIC HEDGING OF
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Abstract. Reinsurance counterparty credit risk (RCCR) is the risk of a loss arising from the fact
that a reinsurance company is unable to fulfill her contractual obligations towards the ceding insurer.
RCCR is an important risk category for insurance companies which, so far, has been addressed mostly
via qualitative approaches. In this paper we therefore study value adjustments and dynamic hedging
for RCCR. We propose a novel model that accounts for contagion effects between the default of
the reinsurer and the price of the reinsurance contract. We characterize the value adjustment in
a reinsurance contract via a partial integro-differential equation (PIDE) and derive the hedging
strategies using a quadratic method. The paper closes with a simulation study which shows that
dynamic hedging strategies have the potential to significantly reduce RCCR.
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1. Introduction. General insurers frequently cede parts of their insurance risk
to reinsurance companies in order to protect themselves from intolerably large losses
in their insurance portfolio. This gives rise to a new type of risk, so-called reinsurance
counterparty credit risk or RCCR. This is the risk of a loss for the ceding company
caused by the fact that the reinsurer fails to honor her obligations from a reinsurance
contract, for instance because the reinsurer defaults prior to maturity of the con-
tract. Given the increased visibility of default risk in the reinsurance industry in the
aftermath of the financial crisis, RCCR has become a highly relevant risk category,
mainly because reinsurance recoveries represent large assets on insurance companies
balance sheets. Its importance is also underlined in Solvency II regulatory directives.
Nonetheless, the techniques for managing RCCR used in practice are mostly of a qual-
itative nature. Typically, ceding companies have minimum requirements on the credit
quality of approved reinsurance companies, they set limits for the exposure to individ-
ual counterparties, and they sometimes require reinsurers to post some collateral; see
for instance [6]. The existing quantitative approaches for the management of RCCR
are based on simple one-period models. This is in stark contrast to the banking world
where sophisticated stochastic models are used in counterparty risk management to
determine value adjustments for derivative transactions (so-called XVAs) and to find
dynamic hedging and collateralization strategies, see for instance [23] or [9] for an
overview.

In this paper we explore the potential of dynamic risk management techniques for
reinsurance counterparty risk. Our objective is twofold: we discuss the computation
of value adjustments to account for reinsurance default when pricing a contract, and
we analyse dynamic hedging strategies in view of reducing the risk exposure. In fact,
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2 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

counterparty risk towards a major reinsurance company is a low-frequency, high-
severity event so that bearing this risk is not attractive for the ceding company.

We consider a setting that is tailored to the analysis of RCCR. We model the
aggregate claim amount process L underlying the reinsurance contract under consid-
eration by a doubly stochastic compound Poisson process. To capture the effect that
“reinsurance companies are most likely to default in times of market stress, that is
exactly when cedants are most reliant upon their reinsurance covers” (see [19]), we
introduce several sources of dependence between the aggregate claim amount L and
the default process HT of the reinsurance company. There is positive correlation
between the claim arrival intensity A and the default intensity A% of the reinsurer;
moreover, A\ exhibits a contagious jump at the default time 75 of the reinsurer. In
line with the concept of market consistent valuation we define the credit value ad-
justment (CVA) for a reinsurance contract as the expected discounted value of the
replacement cost for the contract incurred by the insurer at the default time 7. Us-
ing mathematical results from the companion paper [14], we characterize the CVA
as classical solution of a partial integro-differential equation. Next we address the
hedging of RCCR by dynamic trading in a credit default swap (CDS) on the rein-
surance company. Here we resort to a quadratic hedging approach (see [28]), since
perfect replication is not possible. To determine the hedging strategy we make use
of an orthogonal decomposition of the CVA into a hedgeable and a non-hedgeable
part, based on the Galtchouk-Kunita-Watanabe decomposition of the associated dis-
counted gains process. The paper closes with a simulation study. We analyse the
impact of model parameters on the size of the CVA and we compare the performance
of various hedging strategies. Our numerical experiments show that dynamic CDS
hedging strategies significantly reduce reinsurance counterparty risk, both compared
to a static hedging strategy (a strategy where the CDS position is not adjusted) and
to the case where the insurance company does not hedge at all. More generally, the
results suggest that dynamic risk-mitigation techniques can be very useful tools in
the management of reinsurance counterparty risk.

We continue with a discussion of the existing literature. The quantitative litera-
ture on RCCR is relatively scarce. Interesting contributions from practitioners include
[29] or [19] who propose a static model to assess the distribution of the RCCR loss,
which can be used for reserving and economic capital purposes. They employ cor-
porate bonds and CDSs to estimate reinsurance default rates and model correlation
between defaults by reinsurers’ asset return correlations. Another example is offered
by [24] who study the problem of optimising the weight of different reinsurance com-
panies in a given reinsurance program in order to minimize the expected loss due to
RCCR. Also the solvency capital requirement for RCCR under the Solvency II stan-
dard formula is computed from a simple one-period credit risk model, see for instance
[13]. On the academic side, [2] and [10] study how the possibility of a default of the
reinsurer affects the form of optimal reinsurance contracts. An excellent overview
of counterparty risk management in banking is given in [23] or [9]. Other recent
contributions are, for instance [15, 16, 5]. Quadratic hedging criteria such as mean
variance hedging and risk minimization have been applied in the insurance framework
mainly for hedging life insurance contracts (e.g. unit linked contracts). Some recent
references are, for instance [26, 17, 30, 11, 3, 12]

The rest of the paper is organized as follows. In Section 2 we introduce and develop
the modelling framework and discuss the different forms of interaction between the
insurance and the reinsurance companies that are captured by our setting. A rigorous
construction of the model dynamics is provided in Section 2.3. In Section 3 we discuss
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CVA AND HEDGING OF RCCR 3

the price of the reinsurance contract and the value adjustment to account for the
reinsurer default. The hedging problem is studied in Section 4, and Section 5 contains
the results from the numerical analysis. Some longer computations are relegated to
the Appendix.

2. The Model.

2.1. The Setup. We work on a measurable space (2,G) with a complete and
right continuous filtration G = (G;):>0. We assume that on this space there are two
equivalent probability measures: the physical measure P and a risk neutral measure
Q which is used for the valuation of financial and actuarial contracts. Using a risk-
neutral measure for pricing purposes is in line with the principle of market consistency
valuation, which is frequently used in the insurance framework and which represents
one of the core elements of the Solvency II regulatory regime.

We consider a setup with two companies: an insurance company, labelled I, and a
reinsurer R, who enter into a reinsurance contract with a given maturity 7" (typically
one year). To model the losses in the insurance portfolio underlying this contract we
consider a sequence {7}, },en of claim arrival times and a sequence {Z, },en of claim
sizes. Precisely, the T,, are G-stopping times such that 7,, < T,,4+1 a.s. and Z,, are a.s.
strictly positive Gr, -measurable random variables. We define the counting process
N = (N¢)¢>0 by Ny = Zle 147, <4}, for every t > 0. Then the process L = (L¢)i>o0
given by

Ny
Li=> Z,, t>0,
n=1

describes the aggregate claim amount underlying the reinsurance contract. It will be
convenient to work with the integer-valued random measure m* on Rt xR™ associated
with the marked point process L, that is

’ITLL (dt, dZ) = Z 5{TmZn} (dt, dz)l{Tn<Oo},

n>1

where dy, .y is the Dirac measure at point (t,z) € RT x RT. This allows for the
following equivalent expression of L

¢
Lt:// zmb(ds,dz), t>0.
o Jr+

In our setting the reinsurance company may default and we denote by 7z the G-
stopping time representing its default time; the default indicator process HT =
(H[)>0 is given by

HtR =1(p<ty, t20.

If Tr < T, the reinsurer will not be able to fulfill his obligations which creates rein-
surance counterparty credit risk (RCCR).

Next we specify the model for the loss process L and the default indicator H*.
In our analysis we are mostly concerned with valuation issues so we work under the
risk-neutral measure Q; to simplify the exposition we therefore introduce directly the
Q dynamics of L and H%. Model calibration and the relation between the measures
P and Q are discussed in more detail in Section 2.2. We assume that the point
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4 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

process N modeling the claim arrivals has the (G, Q)-intensity A* for a nonnegative
G-adapted cadlag process AL = (AF);>0 (called in the sequel loss intensity), that is
(N — fot AL ds)i>p is a (G, Q)-martingale. We assume that claim sizes are indepen-
dent random variables with identical distribution v(dz), and also independent of N.
Therefore the (G, Q)-predictable compensator of the measure m’(dt,dz) is given by
AL v(dz)dt '. We assume that the default indicator process H* admits a stochastic
intensity A® = (AF);>0 (in the sequel called the default intensity of R), which is a
nonnegative G-adapted cadldg process such that the process

tATR
(1) Ml = HgF — / M ds, t>0,
0

is a (G, Q)-martingale. Finally we describe the dynamics of the default and the
claim arrival intensity. We assume that there is a standard two-dimensional (G, Q)-
Brownian motion W = (W}, W2);>0 and that the processes AL and A\f are of the
form AF = A(Xy), AR = AB(Y}), t > 0, where X = (X;);>0 and Y = (V});>0 are
intensity-factor processes that satisfy the following system of SDEs

dX, =% (X,_) dHE + 0% (X,)dt + o (X)) AW}, Xo = z0 € R,
dy; = b¥ (V)dt + oY (V) (pdW}! 4+ /1 — p2dW2), Yy =y € R,

for some p € [0,1] and measurable functions bX,6Y : R — R, 0%, 0¥ : R — R*.
We assume that the functions A" : R — RT and A : R — Rt and ¥ : R — R*
are continuous and increasing. A detailed construction of this model is given in
Section 2.3. Modelling A\* and A® as functions of the intensity factors X and Y is
mathematically convenient, as it facilitates the application of mathematical results
from the companion paper [14].

We assume that the indemnity payment of the reinsurance contract is of the form
¢(Lr) for some bounded, increasing and Lipschitz continuous function ¢. This covers
typical forms of reinsurance (see, e.g. [1]). For examples, for a stop loss reinsurance
contract with priority or lower attachment point K and upper limit K one takes
¢(l) = min {K, [l - K]*} (with [z]* = max{x,0}). Another example is offered by the
excess-of-loss (XL) contract with retention level M and upper limit K. The payoff of

this contract is given by
N
min {F, Z[ZZ - M]+}
n=1

This can be written in the form ¢(L¥LY) if we set LY = > (o<t Zn> M} Zn — M] and
#(1) = min{K, [}

We denote by r > 0 the risk-free interest rate which is taken constant for sim-
plicity. In line with market consistent valuation we define the market value of the
reinsurance contract by

2) Ve .= EQ [e*NT*t)gz)(LT)\gt} L 0<t<T.

1By definition of (G, Q)-predictable compensator, for every nonnegative, G-predictable random
function (T'(¢, 2))¢>0 with EQ [f(f Je+ IT(s, z)\)\fiu(dz)ds] < o0, for every t > 0, the process

/t/ ['(s, 2)(mT (ds,dz) — AL_v(dz)ds), >0,
0o JrRt+

is a (G, Q)-martingale.
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CVA AND HEDGING OF RCCR 5

The quantity V,” is the theoretical value of the reinsurance contract at time ¢. Due to
the fact that the reinsurer R may default, the transaction price (the price at which I
and R are actually entering into the contract) needs to be adjusted. This is done via
the credit value adjustment introduced in Section 3.

Our setting accounts for various forms of dependence between the aggregate claim
amount L and the default time 7g. First, there is correlation between Brownian mo-
tions driving the intensities A¥ and A%, modelled by the parameter p. In practice
one would take p > 0, so that in a scenario where the insurance company expe-
riences many losses (high claim arrival intensity A*), the economic outlook for the
reinsurance company gets less favourable (high default intensity Af). This models
the observation that “often there are strong correlations between reinsurance default
and the loss experience of the ceded portfolio” (see [19]). Second, there is pricing
contagion: For vX > 0, the risk-neutral claim arrival intensity A* jumps upward at
Tr which translates into an upward jump of the market value Vt‘z’ of the reinsurance
contract at t = Tp. Pricing contagion reflects the fact that the default of R reduces
the supply for reinsurance (as R leaves the market), so that the insurer has to pay
a higher price to renew his reinsurance cover. Note that each of these two forms of
dependence between L and Tr imply that

(3) EQ [V;ﬂm = t} > EQ [Vtﬂ .

Following the financial literature on counterparty risk we refer to this inequality as
wrong-way Tisk.

We now introduce a set of assumptions that give sufficient conditions for existence
and uniqueness for the solutions of certain partial integro-differential equations that
arise in the computation of the value adjustment and of the hedging strategy. Define
the instantaneous covariance matrix of (X,Y") as

_( @@ po¥(z)0¥ ()
S(x,y) = < poX (2)0Y (1) (o ()’ ) for every (z,y) € R%

ASSUMPTION 2.1. (A1) The functions bX,b¥, 0% and ¥ are Lipschitz;
(A2) There exists 3 > 0 such that for every w € R? we have

w' B(z, y)w > Bllw]*.

(A3) The functions \X, AR are Lipschitz continuous and bounded.
(A4) The claim-size distribution v has finite second moment.

2.2. Calibration. We now sketch an approach for the calibration of our model.
This should also help to clarify the role played by the valuation measure Q as opposed
to the historical measure P. We begin with the calibration of the risk-neutral default
intensity Af*. In practice one would calibrate a model for A to CDS spreads of
R observed on the market, see e.g. [8, Chapter 22| for a detailed discussion and
numerical examples. Here one is dealing only with market quantities, so that it is
sufficient to consider the Q-default intensity of R.

Next we describe a method for calibrating the Q-characteristics of the loss process
and we explain how to relate market consistent valuation of the reinsurance contract to
more standard actuarial valuation approaches. At this point we are dealing with risks
that are largely non-traded so that the P-dynamics of the loss process are relevant as
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well. We proceed in three steps. In step one techniques from actuarial statistics (for
instance [1, Chapter 4 and 5]) are used to estimate a doubly stochastic compound
Poisson process model for L with claim size distribution v and loss intensity AP
using historical loss data. In the estimation we propose to work with a model of
the form AP = AP (X)) for the P-loss intensity and we assume that X follows a
diffusion,

dX, = bX(X,)dt + X (X)dW}, X = o,

for a P-Brownian motion W', Notice that for the estimation we refer to a process
X (see Section 2.3 below) which represents a contagion-free version of the intensity-
factor X (i.e. the processes X and X share the same dynamics up to time 7 but
X does not jump at 7g). This reflects the fact that the default of R has no impact
on the P-loss intensity as A“F models the arrival intensity of claim events in the
real world such as storms or flooding. The reinsurance contract is then valued via an
actuarial premium principle, see e.g. [1, Chapter 7], leading to the counterparty-risk
free actuarial value of the contract. For instance, one could use the expected value
principle with safety-loading parameter > 0, which gives an actuarial value equal
to (14 )EP[e="T¢(Lr)).

In step two we choose a contagion-free risk-neutral measure Q such that L has
Q-local characteristics (AL'Q, Q) and such that (i) Q is equivalent to P and (ii)

the contagion-free market value EQ[e="T ¢(Lr)] coincides with the actuarial value of
the contract. By general change-of-measure results for marked point processes (see.

e.g., [7, Theorem VIIL.T10]) condition (i) is satisfied if v is equivalent to v¥ and if
the Radon Nikodym derivative dv®/dvP (z) =: 1(z) and the ratio AL/ AP = x,
satisfy mild integrability conditions; condition (ii) can be ensured by an appropriate
choice of parameters. Given the large amount of freedom in choosing @ and AXQ,
we propose to preserve the mathematical structure of the local characteristics of L in

the transition from P to Q More precisely, we assume that vQ belongs to the same
class of distributions as v*; that W' is also a Q-Brownian motion; and finally that
under Q the loss intensity is of the form /\tL’Q = CAL’P()?,:), 0 <t <T, for some
constant ¢ > 0, so that under (5 there is no pricing contagion.? The parameter c in
the Q-loss intensity is calibrated to ensure that the contagion free market value of the
reinsurance contract equals the actuarial value (which is contagion free by design).
Moreover, to account for risk aversion on the part of the reinsurer, the parameters of
the claim size distribution can be altered so that large claims are more likely under
Q than under P.

In step three we model the loss intensity A“ and the claim size distribution v
under the risk-neutral measure Q. In order to incorporate pricing contagion and
the risk of default of R we assume that the risk-neutral loss intensity is of the form
A = eAl'P(X,), where X solves the SDE

dX, = v% (X, )dHE +0X(X,)dt + o (X)) dW},
2Note that the change of measure is accomplished via the Radon Nikodym derivative % lgp=<T
where ( solves the SDE
G = G (muyp(2) — D(m" (dt, dz) — v (d2)ATdE), o =1;

see [7, Theorem VIIL.T10] for details. This change of measure affects only the local characteristics
of L, the law of the Brownian motions and of the default process stay unchanged.
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CVA AND HEDGING OF RCCR 7

for v¥(z) > 0 and a Q-Brownian motion W'. Note that the intensity-factor X
exhibits an upward jump at the default time 7z which increases the risk neutral loss
intensity, so that under Q there is pricing contagion. On the other hand there is no
need to alter the claim size distribution in the transition from Q to Q, that is we take
v=19.

The final task in model calibration is to determine v and the intensity correlation
p. Here we propose to rely on the expert judgement from experienced underwriters.

REMARK 2.2. If one lacks sufficient data to calibrate a full-fledged diffusion model
for XEF or if past loss data warrant a simpler model for the loss intensity one could
assume that the P loss intensity is constant, that is /\tL’P = /\g’P; the contagion-free
loss intensity is then constant as well, and to account for pricing contagion the Q loss
intensity takes the form )\tL’Q = )\OL’Q(I +~yHE) for some v > 0. Such a model might

be sufficient for certain applications.

2.3. Model construction. The goal of this section is to provide a step-by-
step construction of the model introduced in Section 2.1. Moreover, we establish
certain mathematical properties that are needed for the characterization of the credit
value adjustment. We start by fixing a filtered probability space (£2,G,Q). Let
W = (W;)i>0 be a two-dimensional Brownian motion with components (W;t, W2):>0,
let 7 = (m)¢>0 be a standard Poisson process independent of W, and {Z,}nen be
a sequence of independent random variables with identical distribution v(dz), and
that are also independent of W and 1. Define the process M = (M;);>o with M, =

Z”Zl Zy. This is a compound Poisson process with intensity equal to one and jump
size distribution v(dz). Let the process Y be the unique solution of the SDE

dY; = b" (Va)dt + o (Y2) (pd W} + /1 — p2dWP), Yo =yo € R.

We assume that there exists a G-measurable random variable ¢ with unit exponential
law, independent of W and M and we define 7 as

t
TR = inf {t >0 / AR(Y)ds > 19}.
0

By construction the random time 75 is doubly stochastic with respect to the filtration
FW v FM with hazard rate (A\®(Y}))¢>0, that is we have for every ¢t > 0

t
Qe > ¢ 7 v FY) = [ AR (Yds <0 | U v FM) = e SN
0

see, e.g. [4, Section 8.2.1] or [25, Section 10.5] for details. We define HF = 1irp<tys
t > 0, and we introduce the process X as the unique solution to the SDE

dX; =% (X)) dH[T + 0% (X)dt + o™ (X)) AW, Xo =z € R.

To construct the aggregate claims process we use a time change argument. Define the
process 0 = (6;)t>0 by 0; = fot A (X, )ds for every t > 0 and let N; := 7y, t > 0.
It is easy to see that N = (IVy);>¢ is a doubly stochastic point process with intensity
(AL(X1))i>0 (see, e.g. [22]) and that the loss process is given by L; = My, = ny;l Zn.
Finally we define the filtration G = (G;)¢>0 by

Gi=F"VFFVH, t>0,
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8 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

completed with Q-null sets, where H = (#;)¢>0 is the natural filtration of the process
HE. Notice that the random variables Z,, are Gr, -measurable, with {7}, }en being
the sequence of jump times of N. Moreover, 7 is a stopping time with respect to
the filtration G. We also have that MF in equation (1) is (G, Q)-martingale. This
is a consequence of the fact that M is a martingale with respect to the filtration
FW v H and, due to independence between M and W, this is also a martingale with
respect to filtration FW v H Vv FX. Now, since F)V v FE v H, ¢ FV v FM v H, for
every t > 0, then we have that the martingale property for M % holds for the filtration
FW v FL v H.

The contagion-free market. In the remaining part of this section we introduce
the contagion-free setting which will be used in the computations of the credit value
adjustment and of the hedging strategies. Let X = (X;);>¢ be the unique solution to
the SDE

dX, = bX(X,)dt 4+ 0¥ (X)W}, Xo =0 € R.

It is easy to see that X has the same dynamics as the “original” factor X except for
the jump at 7r. We define N, = 3, for every t > 0, where 6, = fo s)ds, then

N = (Nt)t>0 is a doubly stochastic point process with intensity (AL (Xt))t>0 We can
use these processes to construct L = (Lt)t>0 as follows,
Li=M

7, t>0.

Notice that before default, the triples (X, N, L) and ()?,N,Z) coincide, that is the
processes (1 — HR)(X,;, Ny, Ly) and (1 — H[) (X, Ny, L;) are indistinguishable. We let
F:= (]:t)tZO with

(4) Fi=FV v FL.

The following result holds.

LEMMA 2.3. The random time Tr is doubly stochastic with respect to the back-
ground filtration F.

Proof. By the construction of 7z we have Q(1g >t | FYY VFM) = e~ Jo AT (¥a)ds
for every t > 0. Now we observe that A?(Y) is adapted to F" and so is
(e Jo A"(Y2)ds), o Moreover we have that

FYVvFLCcFYVEY,

which implies that Q(7g >t | F¥ v foL;) — e Jo AT(Yo)ds, 0

3. Credit Value Adjustment. To resume the problem, we consider a reinsur-
ance contract between I and R with maturity 7" and payoff ¢(Lr) for a nonnegative
and increasing function ¢. For technical reasons we assume that ¢ is bounded and Lip-
schitz continuous; this assumption holds for the examples considered in Section 2.1.
Moreover, the counterparty-risk free market value of this contract is given by

Ve .= EQ [e*’“<T*t>¢(LT)|gt] , 0<t<T.

We assume that the premium for the contract has been paid at ¢ = 0 so that I has no
financial obligation towards R. If R defaults before the maturity date T, the insurance
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company needs to renew her protection, that is she needs to buy a new reinsurance
contract at the post-default market value VT‘Z;. We assume that I receives a recovery
payment of size (1 —6%)V2 where 6% € (0,1] is the loss given default (LGD) of R.
Hence I suffers a loss of size 6RVT‘7§?. We denote by CL = (CL¢)o<¢<r the payment
stream arising from the counterparty-risk loss. We have that

t
(5) CL; == 6"V 1irpeny = 53/ VOAHE, 0<t<T.
0

Note that under wrong-way risk, i.e. with EQ {th’m{ = t] > EQ [Vtﬂ, the loss
of I at 7 is higher than its unconditional value. This is an important issue in the
management of RCCR. For instance, in the Solvency II regulation it is stated that “As
the failure of the counterparty is more likely when the potential loss is high, the LGD
(in our case the loss caused by the default of R) should be determined for the case
of a stressed situation,” see [13]. It is a strong point of our approach that wrong-way
risk is generated endogenously by the model. In contrast, in the standard formula of
Solvency II ad-hoc adjustments are necessary to account for wrong-way risk.

We define the credit value adjustment (CVA) for the reinsurance contract as the
market consistent value of the future credit loss, that is

T
(6) CVA, = E® / RVee s AHE |G|, 0<t<T.
t

The amount CVA; can be viewed as a risk reserve that the insurance company has to
set aside at time t to cover for losses due to reinsurance counterparty risk. Alterna-
tively, CVA,, can be viewed as the pricing adjustment to account for RCCR at time
to, that is on {7 > to} the market consistent value of the cash-flow that is actually

received by I is equal to th — CVA,,. This follows from the following lemma.
LEMMA 3.1. For 0 <ty <T one has

EQ

to

T
/ e—r(s—to)vjdHf | gm] _ l{TR>t0}EQ [qujze—r(T—to)¢(LT) | gto} .

Proof. Define the stopping time og := (T AT) V tp. Since (e’”‘/ﬁ)ogth is a
(G, Q)-martingale and o < T, we get from the optional sampling theorem that

(7) VU¢R — EQ |:6*T(T70'R)¢(LT) | gaR} )

Notice that op = 7r on the set {to < 7r < T'} and therefore using equation (7) we
get

EQ

T
/ e—r(s—to)‘/desR | gtO] — EQ |:1{t0<TRST}e_T(TR_tO)VT¢; | gto}
¢

0
=E? [1{t0<"'R§T}e_T(UR_tO)VU¢R | gt“]

=E2 [E2 [1(pcrperye " T 6(Ln) | Gon] | G -

so that the lemma follows from iterated conditional expectations (as G, C G,p,). 0O
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Now we return to the interpretation of the CVA. Fix to € [0,7]. On {TR > 1o} the

cash flow actually received by I is given by ¢(Lr)(1 — HE) + (1 — &%) fto VedHE.
The expected discounted value of this cash-flow equals

Ve

T
/ e T VIAHE | G, | — CVA,,

to

— EQ 67T(T7t0)¢(LT)H7@ | gto] +EQ

which is equal to Vt‘és — CVA,,, as the terms in the middle cancel by Lemma 3.1.
Next we want to represent the value of the CVA as classic solution of a partial
integro-differential equation (PIDE). This allows for an alternative characterization of
the adjusted price in addition to the stochastic representation given in equation (6),
and it is essential for the computation of the hedging strategy in Section 4. As a first
step we analyze the term Vf}’% that appears in the definition of the credit loss. Note that
the shifted process (Xr 4+, Lrp+t)t>0 has the same dynamics as the contagion-free
processes ()Z’t, Et)t20§ hence it is a two-dimensional Markov process with generator
92
o (11 ) 5 S L (1 2) (0¥ ()

+/ (f(t,l—i—z,x) —f(t,l,m)))\L(x)l/(dz).
R+

(8) LEX f(t,1,a) =

This suggests that VT‘Z; can be described as the solution of a backward equation in-

volving the generator £(XX), The next proposition shows that this is in fact correct.
PROPOSITION 3.2. Under Assumption 2.1, there exists a unique bounded classical

solution v® (i.e. continuous, C* int and C? in x) of the following backward PIDE

v?®
(9) 8& (t,1,2) + LED0 (41, 2) = ro?(t,1,2),  (t,1,2) € [0,T) x RT x R,

with terminal condition v?(T,1,x) = ¢(I). Moreover, it holds for Tr < T that
Ve =0 (Thy L, X + 75 (Xrn)) -

Proof. The process (L X ) is a two-dimensional Markov process with pure jump

component L and generator LEX) given in (8). The existence of a classical solution
v? to the backward equation (9) follows from [14]. Moreover, it holds that

w0 (t,1,z) = EQ [e—NT—t)g;(ET) L, =1, X, = x} :
The strong Markov property thus gives that on {7p < T},
Vf; =v (TR’LTWX ) ¢(TR’ETR7)~(TR +7X(XTR))7

where in the last equality we used that L,, = Ly, Xry = Xpp + 7~ (X,,) and
Xppo = X, 0
Note that the regularity properties of the function v® (C! in ¢, C? in z but only
continuous in [) are due to the fact that Lisa pure jump process and therefore
the smoothing effect coming from the diffusion does not apply in the [ direction. In
the statement of Proposition 3.2 we refer for brevity to Assumption 2.1. However,
Proposition 3.2 does not involve the process Y and therefore some of the conditions
in the list (A1)—(A4) are unnecessary.

TR—
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PROPOSITION 3.3. Under Assumptions 2.1 the value of the CVA is given by
(10) CVAt - 5R(1 _HtR)fCVA(t7Lt7Xta}/t)

where fOVA 10, T] x RT x R x R — R* is a classical solution (i.e. continuous, C* in
t and C? in (x,y)) of the following backward PIDE

CVA
ot
for all (¢, l,g,y) € [0,T) x Rt x R? with terminal condition fCVA(T,1,z,y) =0. The

operator LIXY) (the generator of the three-dimensional Markov process (E,X’, Y))
is given by

+ LEXY) fOVA L AR ()0 (8,12 + 7Y (2) = (Vi (y) +7) OV,

5 of af 10%f 10%f
(12) £EXY)f = %bx(l") + a—yby(y) + 5@(0)(@))2 + 5@(0)/@))2

* aiéfypf’x(@ay(y) + /R LUl zzy) — £, )N (z)v(dz),

where f is always evaluated at (t,1,z,y).

Proof. The CL is a so-called payment-at-default claim (see for instance [25, Sec-
tion 10.5]). Proposition 3.2 allows to express its payoff at 7 in terms of contagion
free quantities. Then we get that

(13) CVA, = E®

T
/ 570 (s, Ly, Xy + 75 (X,))e " DdHE | Qt] .
t

In equation (13) we can replace G; with F; V H;, where F; is defined in (4), since
these sigma fields coincide up to time 7. Then we get from Lemma 2.3 and [25,
Theorem 10.19] that

(14)

CVA,; = 6%(1 — HF)E®

T
/ V9 (5, Loy Xo + 7% (Xo))AR(Ya)e™ [ 0+A (Vdugs | 1, ] '
t

Note that the process (E,)N( ,Y) is Markovian with respect to the filtration F with

generator LEXY) asin (12). Tt follows that there is a function fCVA : [0, T] x Rt x
R x R — R* such that

CVA,; = §%(1 — HE)fVA(t, Ly, X, V7).

Then, by applying [14, Theorem 2.4] we get that f€V2 is a classical solution of the
backward PIDE (11). Finally note that on the event {rr >t}, 1 — HF = 1 and also
L; = L;, X; = X;, which implies (10). 0

EXAMPLE 3.4. In the numerical analysis we consider a special case of our setting.
There the loss intensity ¥ is constant except for an upward jump at time Tg that
models price contagion. In this case we may identify the intensity \* and the intensity-
factor process X (i.e. \L(+) is the identity function) and assume that

(15) MA(Xy) =Xy =ao(1+ HEYy), 0<t<T,
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12 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

for constants xg > 0 and v > 0. Here the parameter v models the percentage change
in the loss intensity at Tr. We now calculate the credit value adjustment for this
situation. Under (15) the process L is a compound Poisson process with intensity x,
Jump-size distribution v(dz) and generator

cE f(t.1) =z / (F(t.1+ 2) — F(t.D)p(dz).
R+

For given x¢ > 0, define the function (t,1) — v®(xo;t,1) as the solution of the backward
integral equation

® 5
%(mogt,l) + LEv® (2o t,1) = ro®(zost, 1),  (t,1) € [0,T) x R,

with terminal condition v®(xo;T,1) = ¢(1). Then, the post default value of the rein-
surance contract is given by’

VO =v?(xo(1+7); TR, Lry)-

With this we get that credit value adjustment satisfies CVA, = &%(1 —
HE) VA (zo;t, Ly, Y3), where the function (t,1,y) — fCVA(xo;t,1,y) is the solution
of the backward PIDE

8fCVA ~
T(x(h ta lv y) + Lgcﬁ7Y)fCVA(IO; tv l7 y) + AR(y)vd)(xo(l + 7)7 t? l)

= (N (y) + ) V(o t, 1, y),

for every (t,1,y) € [0,T) x RT x R with terminal condition fCVA(z¢;T,1,y) =0, and
(L,Y)
T

(16)

where for a generic continuous function f(l,y) which is C? in y, the operator L
is given by

102%f
2 Jy?

of

Eé%’y)f(l,y)=afy(l,y)by(y)Jr <l,y><ay<y>>2+xo/ (f(+2y) — f(l,y)v(d2).

R+

Note that in this example the variable corresponding to loss intensity drops out of the
equation (16) and therefore (A2) in Assumption 2.1 can be replaced by the simpler
condition

(A2°) There is some 3 > 0 such that o¥ (-) > f3.

4. Hedging of Reinsurance Counterparty Credit Risk. In this section we
investigate how the insurance company can reduce the losses arising from the default
of the reinsurer by a dynamically adjusted position in a credit default swap (CDS) on
R. A CDS is a natural hedging instrument for credit risk since it makes a payment
at TR, that is exactly when the counterparty risk loss arises. Moreover, there is a
reasonably liquid market for CDSs on major reinsurane companies. Another option
for managing counterparty risk would be a dynamically adjusted collateralization
strategy as in [20]; however, one of the advantages of hedging with CDS contracts is
that a strategy can be implemented unilaterally by I. In our setting there are several
sources of randomness that do not correspond to traded assets, such as the loss process
L or the loss intensity A, and therefore perfect hedging is not possible. To deal with

30f course one could use other actuarial techniques such as Panjer recursion to compute v®.
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CVA AND HEDGING OF RCCR 13

the ensuing market incompleteness we resort to a quadratic hedging method. Precisely
we will consider self financing strategies and minimize the quadratic hedging error at
the maturity date.

To proceed with a formal analysis of the hedging problem we need to discuss the
dynamics of a self-financing CDS trading strategy. This issue is taken up next.

4.1. Dynamics of a CDS trading strategy. We consider a CDS contract
on R with fixed running spread premium ¢ > 0 and with default payment given by
the deterministic loss given default 6°PS € (0,1] of R. To simplify the exposition
we assume that the premium payments are made continuously. The cashflow stream
associated to the CDS (from the viewpoint of I) is therefore given by

t
(17) DI =Pl — g/ (1—-HFdu, 0<t<T,
0

where the first term refers to the payment at default and the second term is the
premium payment. Note that (17) describes the cash-flows of a CDS contract with
notional equal to one; holding m units of this contract is the same as holding one
CDS contract with notional m.

The present value of the future payments of the CDS is given by

T
/ e-T<u-t>dD§|gt1
t

T T
=EQ laCDS / e " IdHE — ¢ / e~ =01 — HfYdulG,
t t

At = EQ

Similarly as in Section 3, we characterize the process A in terms of the classical
solution of a backward partial differential equation (PDE).

PROPOSITION 4.1. Under Assumptions 2.1 the process A is given by
Ay = (1= H{)g(t,Y)

where g : [0,T] x R — R is a classical solution (i.e. C' in t and C? in y) of the
following backward PDE

(18)

%(m y)+ LY g(t,y) + (PN (y) = ) = A (y) +r)g(t,y), (ty) €[0,T) xR,

with terminal condition g(T,y) = 0. Here the operator LY is the generator of Y, that
18

2
W @)+ 22 )0 )2

_of
Yy 2 0y?

(19 £t - 2
Proof. Since M in (1) is a G- martingale we have that

T
(20) A, =EQ / T (GCPSNR(Y, ) — ) (1 — HE)dulG,
t
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14 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

Using Fubini’s theorem, Lemma 2.3 and [25, Theorem 10.19] we get that the right
hand side of (20) is equal to

T
(21) (1— HEQ / e I PN s (OPS AR () () du| F,

t

By Markovianity of the process Y with respect to filtration F, there exists a function
g such that conditional expectation in (21) is equal to g(t,Y;). Denote by LY the
generator of Y given by (19). Then it is easily seen that under Assumption 2.1, g is
the classical solution of (18), see, e.g. [27, Theorem 8.2.1]. 0

Finally we define the discounted gains process of the CDS (the past cashflows and
the present value of the future cashflows, both discounted back to time zero) by

t
(22) St = €_TtAt + / €_TudD1}}, 0 <t< T.
0

Note that S; = EQ [fOT e’mdeﬂgt} for every 0 <t < T'. Therefore S is a square inte-

grable (G, Q)-martingale (S is even bounded as the cash flow stream D is bounded).
Consider now a self-financing trading strategy & = (£°,¢1), where &} is the notional
of the CDS position at time ¢ and where £ is the cash position at time t. Then the
value of this strategy at time 0 < ¢ < T equals V;(€) = & Ay +&Ve~", and the strategy
is self-financing if the discounted value XN/t(f) = e "V, (€) satisfies

t
Vt(f):%(fw/ofidss, 0<t<T.

4.2. Quadratic hedging. Next we formalize the quadratic criterion that is used
to determine the optimal hedging strategy. We call a self-financing trading strategy
€ = (€9, &) admissible if €0 is G-adapted and ¢! is G-predictable and satisfies the
integrability condition

(23) EQ

T
/0 (Ei)2d<5>u] < 0.

Here (S) denotes the predictable quadratic variation of the martingale S (the pre-
dictable compensator of the pathwise quadratic variation [S] of S). Condition (23)
ensures that the discounted value process V' (£) is a right continuous and square inte-
grable martingale. The hedging problem amounts to finding a self-financing admis-
sible strategy ¢* with initial value Vo (£*) and CDS position £1* that minimizes the
quadratic hedging error

(24) EQ (/OT e tSRVSAHE — (Vo(f) + /OT gz}dst)>2

Such a strategy will be called Q-mean-variance minimizing.

REMARK 4.2. We continue with a few comments on the hedging criterion.
1) Minimizing the quadratic hedging error with respect to the risk-neutral measure
Q, instead of the historical measure P, has a couple of advantages. First, the ensuing
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CDS position €% is time-consistent: the CDS strategy that minimizes the conditional
quadratic hedging error

EQ (/tTe_rs(gRdeH;% _ (Vt(é‘) +/tT §§d58)>2‘ G

over the period [t,T) is the restriction of £1* to the interval [t, T]. This is in general
not true for a P-mean-variance minimizing strateqy. Moreover, since the default
and loss intensities under Q are typically higher than the corresponding P -intensities,
more mass is put in expectation (24) on states where the counterparty-risk loss is large
and the Q-mean-variance minimizing strategy will track the credit loss more closely
in those states than a P-mean-variance-minimizing strategy; this adds an additional
layer of prudence to our approach. Finally a Q-mean-variance-minimizing strateqy is
comparatively easy to determine and the solution has a clear economic interpretation.

2) As an alternative to Q-mean-variance minimization one might consider risk
minimization under Q as hedging criterion. The investment in the risky asset (the
CDS in our setting) is the same for both approaches; the only difference is that in
the mean-variance-hedging approach a self-financing strategqy is followed until time
T where the hedging error takes the form of a lump sum adjustment. In the risk
minimization approach on the other hand the portfolio value is adjusted continuously
at any 0 <t < T. Note however that mean-variance hedging and risk minimization
lead to different strategies if one works under the historical measure. For an in-depth
discussion of these issues we refer to [28].

To determine the Q-mean-variance minimizing strategy we first introduce the
discounted gain process MC" associated with the credit loss. This process is given by

T t
(25) MSE=EQ / e " dCL, |G| = / e "dCL,+e " CVA,, 0<t<T,
0 0

where CL represents the payment stream arising from the counterparty-risk loss, see
equation (5). Recall that the payoff ¢ of the reinsurance contract is bounded by
assumption. This implies that CL is bounded, so that MC" is a bounded and hence
in particular a square integrable (G, Q)-martingale. Since the discounted gain process
of the CDS in equation (22) is a square integrable (G, Q)-martingale, it is well known
that the Q-mean-variance optimal strategy can be determined with the help of the
Galtchouk-Kunita-Watanabe decomposition of M©" with respect to S. This result
ensures the existence of a predictable process £1'* satisfying (23) and of a martingale
A, null at time zero, which is strongly orthogonal to S (that is the product of the
two martingales (S;A;)o<i<r is also a martingale or, equivalently, the predictable
quadratic covariation (S, A) vanishes) such that

t
(26) MY = MS™ +/ &xdS, + 4, Q-as. 0<t<T.
0

Then the strategy &* with CDS position £5* and initial value Vp(£*) = M§T is
admissible and Q-mean-variance minimizing. A detailed proof of this result can be
found in [28]. Intuitively, decomposition (26) permits to decompose the payment
stream CL into its attainable part given by [&,*dS;, and an unattainable part A
corresponding to non-hedgeable risk.
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16 C. CECIL, K. COLANERI, R. FREY AND V. KOCK

Identifying £1* entails taking the predictable covariation with respect to S on
both sides of equation (26). Using orthogonality between A and S, we get that

(M S /gl*d w, 0<t<T,

where (M, S) denotes the predictable quadratic covariation between martingales
MC" and S. This implies that £¢'* can be identified as predictable version of the
Radon Nikodym density d<Ag<7CSL>’S>. Notice that since ML and S are square integrable
martingales, the process £'* obtained via this construction naturally satisfies the
integrability condition (23). Computing the density % is the key point in the
proof of the following theorem where we determine the Q-mean-variance minimizing
strategy.

THEOREM 4.3. The Q-mean-variance minimizing strategy is characterized by the
d<MCLvs>t/dt

initial value Vo(€*) = CVAg and by the CDS position £ = Shjar Jor every
0<t<T, where
(27)
d(MCt, S _ CVA 9g
A2 S)e gmezrr— i) Lo (00" (00 22— 0, m X v 2 )

dt or dy

o CVA a

o ) 2Lt 1, X0 ) 22 1. 7)

dy
MY (5P —g(t,Y2)) (0O (t, Lo, Xom+X (X)) = fOVA(E, Lo, X m))}

and

(28)

St —Hﬁ>{”m><é®s = g(tY)) + (0 (¥0))® (gi“ Yt)) }

Proof. By definition M§™ = CVAq which gives the initial value of the strategy.
In order to determine £%* note that in our setting the processes (M S) and (S)
are absolutely continuous with respect to Lebesgue measure. This implies that Q-a.s.

CL d(MC 8),
d<M aS>t _ ( >/dt7 OStST
d<S>t d<S)t/dt

To derive the processes d<M§:’S>S and d<d‘5;>5 we compute the pathwise quadratic
(co)variations [MCY, S], respectively [S], and we use that (ML, S), respectively (S),
is the predictable compensator of these processes. We recall that M is the compen-
sated martingale given in equation (1) and denote by m(dt, dz) the compensated jump
measure m(dt,dz) = m”(dt,dz) — M*(X;_)v(dz). From the PIDE characterization
of the CVA in Proposition 3.3 and the It6 formula, see Appendix A for the detailed
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computations, we get that the martingale M in (25) is explicitly given by

t
MEY = MEY 4 67 / e " (v (s, Lo, X + 7 (Xso )= fVA(s, Ly, X, Ys))dME
0

t afCVA
+ 53/ e (1-HE)oX(X,.) (8, L, Xs_,Ys)dW}

0 ax

t CVA
o [y o () s n x v
0

Yy
R ! —Trs R Y afCVA 2
+6% [ e (1-H,)o" (Yy) a9 (8, Lo, Xs—, Y5)\/ 1 — p2 AW
0

t
+ 5R/e’”(1—H£)/ (FOV (s, Lo—+2, X5, Vo) = fOV(s, Ly, X, Ys))m(ds, dz),
0 R

+

In a similar way we obtain the martingale decomposition of the process S. It holds
that for every 0 <t < T,

t
S, = So+ / €7 (69PS — g(s,Y,))dME
0
t
d [ e B ()G (W VT Raw?).
0

Then the quadratic covariation of the two martingales MCY and S and for the
quadratic variation of S is

CL R_—2rt R X Y afCVA dg
d[M™", Sy =07 (1 - H;2)p 0~ (Xi-)o (K)W(uLt*)Xt*7}/t)aiy(t?}/t)dt
a CVA a
+ 0% (1 - H ) (0" (V)? ! (t,Lt_,Xt_,Y;)a—z(t,mdt
+ 0% 2 (89S — (1, Y2)) (v? (b, Ly Xoe 4+ X (X)) = fOVAE Lo, X, V) ) AHE,
2
d[S]; = e 2"(6PS — g(t,Y}))2dHE + 72 (1 — HE ) (oY (17))? (gg(t, m) dt. 0O
)

The predictable quadratic variation is then obtained by computing predictable
compensators, which leads to (27) and (28) and implies the result.

Special cases and interpretation. In order to understand the form of &%*

it is instructive to consider first the limiting case where oX = o¥ = 0 and where

A= X, = 20(1 + HE~) for some v > 0 and AF = A(yg) > 0 for every 0 <t < T.
In that setting we can consider both zy and yy as parameters and get that

5R('U¢((£0(1 + ’Y)’ t? Lt*) - fCVA(l'Oa Yo, t7 Ltf))
5CDS - g(t7y0) ’

& =) 0stsT

It follows that the CDS strategy generates at 7z a payment of size 0% (v?(xo(1 +
)ity Lry) — fOV%(20,90; TR, Ly )), that is the strategy perfectly compensates the
counterparty-risk loss at 7r (hedging of jump risk). Note however, that the CDS
position Stl " - and hence the premium payments - depends on the random quantity
Ly, so that the quadratic hedging error (24) of the strategy is strictly positive.
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For ¥ > 0 the strategy balances the hedging of jump risk and the hedging

against fluctuations in the default intensity factor Y (hedging of spread risk). The
optimal mean-variance strategy in the setting of Example 3.4 can be obtained by
letting oX = 0. Using the special notation for this case we obtain that

SENE(Y2) (5P — g(t,Y2)) (v° (wo(1 + )3 t, L) — FOVA(wo3 t, Li, Vi)
AR (Y)(59PS — g(t,Y2)? + (0¥ (Y2))* ( 52(¢, m)

6" (0 (Y1) 25" (woi t, L, Y2) 32(t, Vi)

AR(Y)(89P5 — g(t, Yi))2 + (0¥ (V)2 (82, Y0))

&r=0-HY)

+(1—HY)

If oX("), ay(o) and p are all strictly positive, then an additional cross term

poXa¥ Bfax B—Z appears in (27). It is intuitively clear that both partial derivatives

are positive?, so that the CDS position £'* is increased by this term. This is due to
the fact that some of the risk caused by fluctuations in the non-traded loss intensity
factor X can be hedged by increasing the position in the correlated CDS contract.

5. Numerical Experiments. In this section we present results from numerical
experiments that complement the theoretical analysis. In Section 5.1 we focus on
the relative importance of dependence and pricing contagion for wrong way risk; in
Section 5.2 we study Q-mean-variance-minimizing strategies and we compare their
performance to that of a static strategy.

Throughout our analysis we consider the following setup. We identify processes
the X,Y and A¥, A%, that is we assume that A\*(-) and A%(-) are the identity functions.
The default intensity follows a CIR process with the dynamics

dY; = (0.05 — Y;)dt + 0.11/Y; (pdW}! 4+ /1 — p2dW2), Yy = 0.05;

this allows for an explicit formula for the price of the CDS, see, e.g. [18]. For the loss
intensity we consider a jump diffusion of the form

dX; =X dH] + k(100 — X;)dt + o X;dW}, X, € RT.

If we take k = o = 0 we recover the case of Example 3.4 where the loss intensity has
a jump at default and is otherwise constant. Finally, we assume that claim sizes are
Gamma(a, 8) distributed. We consider a reinsurance contract of stop loss type with
payoff ¢(Lr) = [L7 — 90]", capped at 200, we set the interest rate to 7 = 0 and the
loss-given-default of R and of the CDS to §R — §CDS — 1.

Next we briefly discuss the methods used in the numerical analysis. The main
task is to calculate the CVA in (10). Using the equivalent formulation in (14) we see
that this amounts to evaluating the expectation

T
ERQ / 09(s, Lo, Xy +7X) Yoo JoYVududqs | L =1, X, =2,Y, =y
t

We evaluate this term using Monte Carlo simulation. In general this is a nested Monte
Carlo problem, as one needs also to compute the default free value of the reinsurance
contract v?(t, Ly, X; + vX;), for every 0 < ¢ < T. For the case where K = o = 0,

4 A higher loss intensity makes a large credit loss more likely, thereby increasing the CVA, and a
higher default intensity increases the value of the future CDS payments.
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CVA AND HEDGING OF RCCR 19

L follows a compound Poisson process and we may use Panjer recursion. For the
general case, we mostly use a regression-based approach to reduce the computational
cost (see, [21, Chapter 8.6]). The computation of the mean-variance minimizing
hedging strategies involves computing derivatives of the functions f€VA and ¢g. These
are computed via a Monte Carlo approach, following [21, Chapter 7.2].

5.1. CVA and wrong-way risk. In this section we analyse the impact of the
pricing contagion and the correlation between the loss and the default intensities on
the CVA by varying the parameters v and p. We assume that o = 0.2 and that claim
sizes are Gamma(1,1) distributed.

In Figure 1 we display the CVA at time 0 for different values of v € [0,1] (left
panel) and for different correlation levels p € [0, 1] (right panel). In these plots we
fixed k = 0.5. We see that CVA increases in both p and +, which is in line with (3).
The effect of price contagion (i.e. variation in ) is quite pronounced and dominates
the effect of dependence between intensities (i.e. variation in p), and we conclude that
it is very important to incorporate price contagion into the analysis of RCCR.

CVA, for varying y CVA, for varying p
n n
(e I =0 3 PP =0
o Tl R . N R P
p=1 ’ y=0.5
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27
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Y p

Fic. 1. Left: CVAq for varying contagion parameter . Right: CVAgq for varying correlation p.

5.2. Performance of hedging strategies. We now compute the hedging
strategies corresponding to different parameter choices and we compare their per-
formance to that of a static strategy. Precisely we consider the three cases described
in Table 1 below. Case 1 and Case 2 correspond to a loss intensity that stays con-
stant with a single jump at time 7g, where it increases by 20%. The parameters
of the claims size distribution and the loss intensity are chosen in such a way that
the expected contagion-free loss is the same (E®Q [L} = 100). However in Case 1 the
insurance company experiences small but frequent losses whereas in Case 2 there are
infrequent but large losses. Intuitively we therefore expect hedging to be more difficult
in the second case.

In addition to the dynamic Q-mean-variance minimizing strategies from Theorem
4.3 we considered two simpler strategies. First we considered a static CDS hedging
strateqgy where the value of the CVA at ¢ = 0 is invested in the CDS and where
the position is not adjusted over time (in mathematical terms V;(£) = CVAy and

£ = C\QAO,O <t < 7B AT). Moreover we considered a strategy labelled unhedged
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Xo v K o p a p

Case 1: 100 02 O 0 0 1 1

Case2: 10 02 O 0 0 10 1

Case 3: 100 O 1 02 02 1 1
TABLE 1

Parameters used in the analysis of the hedging strategies. Recall that the claim sizes are
Gamma(o, B) distributed.

CVA, where the amount CVAy is invested in the bank account and where one does
not invest in the CDS at all (Vo(£) = CVA( and & = 0). In order to measure the
performance of a hedging strategy we consider the value of the hedged CVA position,
which is given by

t
(29) e, = CVA, —(CVA0 +/ g;dss), 0<t<T.
0

In the sequel we refer to the process (e;)o<i<r in (29) as the tracking error. Note
that a positive value of er corresponds to a loss for the insurance company. In
our experiments we assume that the hedging portfolio is re-balanced approximately
every two weeks. More frequent re-balancing is not practically feasible for insurance
companies as the total claim amount is hard to evaluate.

In Figure 2 we use the parameter set corresponding to Case 1. The plot displays
2000 trajectories of the tracking error, first for £ = 0 (unhedged CVA), second for
the static CDS strategy ¢! = CVAg /¢ and third for the dynamic Q-mean-variance
minimizing strategy &' = ¢* from Theorem 4.3.

From Figure 2 it is evident that for all three strategies the tracking error jumps
at 7g, but the form of the jumps is very different. In the unhedged-CVA case the
jump is always upwards and the size of the jump is equal to the replacement cost
for the reinsurance contract. In this case a default of R is relatively expensive: the
maximum loss that the insurance company incurs is around EUR 40, which is roughly
three times the initial value of the reinsurance contract (A numerical computation in
this example gave V0¢ ~ 11.89). In the middle panel we give the tracking error for
the static CDS hedging strategy. We observe either a loss (under-hedging) or a profit
(over-hedging). The maximum loss (and profit) is around EUR 20 which implies
that static hedging is an improvement over the unhedged CVA , but the tracking
error still shows a high variability. The dynamic mean-variance minimizing strategy
on the other hand significantly reduces the variability of the tracking error as it is
clearly displayed in the lower panel. We conclude that this strategy out-performs
the other hedging approaches by a large margin. The difference in the performance
of the hedging strategies is illustrated further in Figure 3 where we plot the density
of the tracking error er conditional on {7g < T}. For a good hedging strategy the
density of the tracking error should be concentrated around zero with a small mass in
the tails. This is the case for the mean-variance minimizing strategy. The densities
for the two other strategies have much larger mass in the tails. The shape of these
densities is identical, but that corresponding to the static CDS strategy is shifted to
the left, which results in a lower value of EQ [62T]. The value of the L?-norm of er
for all three strategies is given in Table 2.

In order to explain the superior performance of the dynamic strategy we plot in
Figure 4 two trajectories §.1 ™(w) of the optimal strategy. The solid line corresponds
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No hedging

tracking error

0.0 0.2 04 06 08 10
t

Static CDS strategy

40
I

tracking error
0 10
L

-20 -10

0.0 02 0.4 0.6 08 1.0

Dynamic mean-variance minimizing strategy

tracking error

0.0 02 0.4 0.6 08 1.0

Fi1G. 2. Performance of various hedging strategies for the parameters in Case 1: the upper
panel corresponds to no hedging, the middle panel to static hedging and the lower panel to dynamic
mean-variance hedging.

Strategy ER [eZ]

No hedging 22.65

Static CDS hedging 4.54

Dynamic mean-variance minimizing 0.62
TABLE 2

L2-norm of the tracking error er in Case 1.

to a trajectory of the claim amount process with a large loss, the dashed line to a
trajectory with small loss. We compare these strategies to the static hedging strategy
which is constant over time (grey line). We see that the optimal hedge ratio is quite
sensitive with respect to the evolution of the underlying loss process.

In Case 2 we consider the situation where claims arrive less frequently but have
on average a higher size. In this case hedging is more difficult, but the mean-variance
minimizing strategy still outperforms the other approaches, as is clearly seen from
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Densities of the tracking error given default: Case 1

no hedging
- - - static hedging
—— dynamic hedging

0.10
|

0.04
|

portfolio value at terminal time

Fi1c. 3. Densities the tracking error er given default in Case 1.

Hedging strategies for two different scenarios

—— dynamic strategy (large loss)
- - — dynamic strategy (small loss)
static strategy

60
|

50

Nominal of CDS &*
30

20
|
v

10
|

0.0 0.2 0.4 0.6 0.8

F1a. 4. Optimal strategies for two scenarios with a large loss and a low loss respectively and
the constant strategy for the parameter in Case 1.

Figure 5. Moreover, for the mean-variance minimizing strategy the L2-norm of the
tracking error is considerably smaller than for the other strategies, see Table 3 for
details. In Case 3 we consider the situation where the loss and the default intensities
are correlated but there is no pricing contagion (v = 0), that is the loss intensity does
not jump at time 7. Here the wrong way risk arises from correlation only. As the
effect of price contagion dominates the correlation effect, the L?-norm of the tracking
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error for all strategies is considerably smaller than in Case 1 and Case 2. However,
Figure 6 and Table 4 confirm the relative performance of the strategies for this case
as well. In the general version of the model with price contagion and correlation
the qualitative results on the behaviour of the tracking error are similar to the ones
described so far; we omit the details.

Summarizing, our results show that dynamic CDS trading strategies have the
potential to significantly reduce reinsurance counterparty risk, both compared to a
static hedging strategy and to the case where the insurance company does not hedge
at all.

Strategy EQ [ezT]

No hedging 39.78

Static CDS hedging 17.82

Dynamic mean-variance minimizing 2.17
TABLE 3

L?-norm of the tracking error in Case 2.

Densities of the tracking error given default: Case 2

----- no hedging
- - - static hedging
—— dynamic hedging

0.00
|

portfolio value at terminal time

Fic. 5. Densities the tracking error at terminal time given default in Case 2.

| E? [e7]
No hedging 12.75
Static CDS hedging 4.57
Dynamic mean-variance minimizing 0.97

TABLE 4
L2%-norm of the tracking error in Case 3.
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Densities of the tracking error given default: Case 3

----- no hedging
- - - static hedging
—— dynamic hedging

0.12
|

0.02
|

- ===\

-20 0 20 40

portfolio value at terminal time

Fic. 6. Densities the tracking error at terminal time given default in Case 3.
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Appendix A. The martingales M°" and S. In the sequel we provide
detailed computations for the dynamics of the martingale M€Y, We start with the
martingale M CL For every 0 <t < T we have that

t
M = / e "0 (s, Lym, Xo- + 7N (X-))AHE + 7657 (1 = HE) fOVA(t, Ly, X0, V),
0

so that

thCL = eirt(vd)(tv Zt*w)zt* + FYX(Xt*) - fCVA(tazt*7th*7}/t))dHtR
- Teirt(]‘ - Htl%—)fCVA(t7 Et—7 Xta Yt)dt + B*Tt(l - HtR—)dfCVA(t7 Etv )’Zta }/t) .
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Recall that by Proposition 3.3, f¢VA is a smooth solutions of the PIDE (11), therefore
it has the necessary regularity to apply the It6 formula. This gives

dfCVA(t Zta fhyrt) =

HfevA o 9fovA
( Oz

+

(t, L=, X0, Y1)o X (X)) + =—(t, L=, X1, Yi)o (nm>dW?

dy

fCVA

3yuiﬂ&m (Yo)\/1 = p2d W7

+ / (fCVA(tv Zt— + 2, )A(:h )/t) - fCVA(t7 zt—v )A('ta }/t)) mL(ds, dZ)
R+

FOVA QfCvVA
YA ORI (S A A0
HfCvA 1 - H2 fCVA - -
+V(>gyumﬂ&%)Q(W&Wﬁ%f@mﬂ&%)
1 (:)2fCVA - - . 2fCVA - .
+§(0Y(Yt))267y2(ta Ly, X4, Y) + PJX(Xt)UY(Yt)W(t,LtﬂXm Yt)) dt.

Now using the fact that f¢V2 solves equation (11) we get that M©L satisfies equation
(6). Similar computations can be performed for the martingale S, we omit the details.
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